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PREFACE 

JL  HIS  book  contains  the  substance  of  lectures  given 
in  the  University  of  Cambridge  in  the  summer 
terms  of  the  past  two  years  to  men  whose  future 
interest  may  have  been  any  of  mathematics,  physics, 
chemistry,  astronomy  or  mechanical  science.  The 
object  was  to  set  out  with  care  the  foundation 
principles  of  the  subject  and  to  illustrate  them  by 
applications  to  these  various  branches  of  science, 
where  no  more  than  a  general  knowledge  of  the 
science  was  required  for  their  appreciation.  For 
this  reason  the  relation  of  statistical  mechanics  to 
thermodynamics,  and  questions,  such  as  the  con- 
nection between  magnetism  and  temperature, 
requiring  a  special  knowledge  of  dynamical  or 
physical  theory,  were  not  included. 
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THE  PEINCIPLES  OF 
THERMODYNAMICS 

CHAPTER   I 
PRELIMINARIES 

1.  The  dynamical  theory  of  heat.  Down  to  the  end  of 
the  eighteenth  century,  heat  was  generally  regarded  as 
substance  of  no  appreciable  mass  which  could  pass  into  or 
out  of  the  space  between  the  ultimate  particles  of  a  body. 
This  substance,  *  caloric '  as  it  was  called,  could  neither  be 
created  nor  destroyed.  At  that  time,  too,  there  were  many 
who  regarded  heat  as  an  effect  due  to  the  motion  of  the 
particles  themselves. 

The  experiments  of  Davy  (1799)  on  the  melting  of  two 
pieces  of  ice  by  friction  between  them,  and  the  observations 
of  Rumford^  on  the  great  heat  of  the  shavings  produced  in 
the  boring  of  cannon  were  in  themselves  sufficient  to  show 
that  heat  could  be  generated  by  mechanical  effort,  but  they 
were  not  then  fully  appreciated. 

In  the  decade  1840-50  the  work  of  three  or  four  experi- 
menters, of  whom  Joule  was  pre-eminent,  showed  that  the 
heat  developed  from  mechanical  work  was  in  proportion 
to  the  work  spent.  In  1843^  Joule  showed  that  in  order  to 
produce  a  unit  of  heat  (the  heat  required  to  raise  the  tem- 
perature of  a  pound  of  water  1°  F.)  the  mechanical  work 
expended  was  770  foot-pounds. 

The  number  of  units  of  work  expended  in  producing  a 
unit  of  heat  is  caUed  the  'mechanical  equivalent  of  heat.' 

1  Phil  Trans.  1798.  2  pjiH  j^ag.  1843. 
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More  recent  determinations  give  the  following  results : 
1400  ft.-lb.  of  work  are  equivalent  to  1  lb. -calorie 
(the  heat  required  to  raise  the  temperature  of  a  pound 
of  water  from  0°  C.  to  1°  C), 
or  41-8  X  10^  ergs  of  work  are  equivalent  to  1  gram- 
calorie  (the  heat  required  to  raise  the  temperature  of 
a  gram  of  water  from  0°  C.  to  1°  C). 

In  1847  Helmholtz's  tract  TJher  die  Erhaltung  der  Kraft 
appeared,  in  which  he  asserted  the  principle  of  the  con- 
servation of  energy  and  developed  the  ramifications  of  that 
principle  throughout  natural  phenomena.  Of  the  forms  of 
energy,  Joule's  experiments  enabled  him  to  count  heat  as 
one ;  the  reception  of  heat  by  a  body  meant  an  increase  in 
the  energy  of  its  ultimate  particles. 

Though  Helmholtz  accepted  Joule's  principle,  Thomson 
(who  in  1847  was  the  first  to  see  the  importance  of  Joule's 
work)  was  at  this  time  unable  to  accept  or  reject  it,  because 
of  its  apparent  confhct  with  Carnot's  principle. 

In  1824  Sadi  Carnot  pubhshed  an  essay  on  La  puissance 
motrice  du  feu,  but  it  was  forgotten  until  1845  when 
Thomson,  who  had  learnt  of  its  existence  through  an 
account  of  it  in  a  memoir  by  Clapeyroni  in  1834,  reahsed 
its  profound  importance — '  an  epoch-making  gift  to  science,' 
he  afterwards  declared.  In  this  essay  Carnot  endeavours 
to  find  how  it  is  that  heat  produces  mechanical  efiEect  in 
an  engine.  He  considers  a  'cycle'  of  operations,  at  the  end 
of  which  the  working  substance  of  the  engine  is  left  in  the 
same  physical  condition  as  it  was  at  the  beginning,  this 
being  essential  if  the  mechanical  effect  is  to  be  assigned 
solely  to  the  heat  given  to  the  substance.  He  assumes  that 
since  the  state  of  the  substance  is  unaltered  by  the  cycle, 
the  heat  received  by  it  from  the  boiler  is  equal  to  the  heat 
given  out  by  it  to  the  condenser,  and  concludes  that  the 
heat  produces  mechanical  work  by  faUing  from  one  level 
of  temperature  to  another,  just  as  water  in  faUing  from 

^  Jour,  iScole  Polyt.  xrv. 
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one  level  to  another  over  a  water- wheel  can  do  work  in 
proportion  to  the  quantity  which  descends  and  the  height 
through  which  it  falls. 

He  proceeds  to  describe  an  ideal  cycle  of  operations  (now 
known  as  Carnot's  cycle)  which  has  the  property  of  being 
'reversible,'  and  to  prove  that  no  engine  receiving  heat  at 
one  temperature  and  emitting  heat  at  a  lower  temperature 
can  produce  more  mechanical  work  from  a  given  quantity 
of  heat  than  an  engine  describing  a  reversible  cycle  between 
the  same  two  temperatures.  The  proof  depends  upon 
the  equahty  of  the  heat  received  and  rejected  by  the 
engine. 

In  1849,  James  Thomson^,  using  Carnot's  ideas,  proved 
theoretically  that  the  freezing  point  of  water  must  be 
lowered  by  pressure,  and  calculated  that  the  lowering  of 
the  freezing  point  in  degrees  Centigrade  due  to  a  pressure 
of  n  atmospheres  in  excess  of  atmospheric  pressure  should 
be  (-0075)  n. 

This  result  was  confirmed  by  W.  Thomson's  experiments 
in  1850-  and  strengthened  his  behef  in  Carnot's  principle. 

It  was  now  (1850)  that  Clausius^  resolved  the  difficulty 
of  reconcihng  Carnot's  principle  (which  assumed  production 
of  mechanical  work  without  loss  of  heat)  with  the  views  of 
Joule  and  Helmholtz  (which  required  equivalence  between 
mechanical  work  and  heat).  His  view  was  that  in  an  engine 
less  heat  is  given  out  at  the  lower  level  of  temperature  than 
is  taken  in  at  the  upper  level  of  temperature,  and  that  the 
difference  is  converted  into  mechanical  work.  This  con- 
clusion had  been  reached  independently  by  Thomson*  and 
was  published  by  him  in  1851. 

There  was  still  the  difficulty  that  Carnot's  proof  of  re- 
versibiUty  as  the  test  of  the  most  effective  engine  depended 
on  the  equality  of  the  heat  received  at  the  higher  tempera- 
ture and  the  heat  rejected  at  the  lower,  Clausius  showed 
that  if  Carnot's  principle  that  a  reversible  engine  is  the 

1  Trans.  R.S.E.  Jan.  1849.  2  proc.  E.S.E.  Jan.  1850. 

3  Pogg.  Ann.  1850.  *  Trans.  B.S.E.  March  1851. 
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most  efficient  was  to  be  retained  with  the  theory  he  pro- 
posed, a  new  axiom  was  required,  which  is  now  known 
as  the  second  law  of  thermodynamics.  This  axiom,  and  the 
principle  of  conservation  of  energy,  form  the  fomidation  of 
modem  thermodynamics. 

2.  Measurement  of  temperature.  In  a  perfect  thermo- 
meter, equal  additions  of  heat  to  the  substance  used  in  it 
should  give  rise  to  equal  elevations  of  temperature,  as 
indicated  by  the  divisions  of  the  scale,  which  correspond 
to  equal  increases  in  volume  of  the  substance.  As  the 
specific  heat  of  an  actual  substance  is  not  constant  but 
increases  with  the  temperature,  equal  additions  of  heat  in 
an  actual  thermometer  do  not  give  rise  to  equal  elevations 
of  temperature ;  and  as  the  coefficients  of  expansion  of  the 
substance  and  the  material  enclosing  it  also  vary  with  the 
temperature,  equal  elevations  of  temperature  do  not  corre- 
spond to  equal  increases  in  volume  of  the  substance. 

Thus  the  readings  of  an  actual  thermometer  depend  upon 
the  physical  properties  of  the  materials,  such  as  mercury, 
air,  glass,  used  in  its  construction. 

It  is  found  that  if  one  of  the  'permanent'  gases  is  used 
the  specific  heat  and  expansion  are  so  uniform  over  a  large 
range  of  temperature  that  the  indications  of  such  a  ther- 
mometer, for  example  an  air  thermometer,  are  for  most 
practical  work  perfect  enough,  though  they  would  not  be 
so  for  very  high  temperatures  (where  the  variation  of 
specific  heat  becomes  appreciable),  or  for  very  low  tempera- 
tures, in  the  neighbourhood  of  the  point  of  liquefaction  of 
the  gas  (where  the  variation  of  expansion  and  specific  heat 
becomes  apparent). 

Lord  Kelvin  (Sir  W.  Thomson)  in  1848^  perceived  the 
need  of  a  scale  of  temperature  independent  of  the  pro- 
perties of  any  particular  substance  and  that  in  Carnot's 
principle  he  had  the  means  to  estabhsh  such  a  scale,  the 

1  Proc.  Camb.  Phil.  Soc.  June  1848. 
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absolute  thermodynamical  scale  of  temperature,  which  in 
its  final  form  was  given  in  his  memoir  on  the  'Dynamical 
Theory  of  Heat^.' 

3.  The  laws  of  Boyle  and  CJiarles.  These  are  experi- 
mental laws  which  hold  approximately  for  gases  and  va- 
pours and  become  more  and  more  exact  the  further  the  gas 
or  vapour  is  from  its  point  of  liquefaction. 

Boyle's  law  is  '  The  pressure  of  a  given  mass  of  a  gas  at 
constant  temperature  varies  inversely  as  the  volume,' 
Gases  expand  at  constant  pressure  according  to  the  law 

v  =  Vq{1-\-  ^r^  1  where  v  is  the  volume  at  6°  C.  and  Vq  is 

the  volume  at  0°  C,  so  that  if  Vj,  v^  are  the  volumes 

at  temperatures  d-^  C,  6^  C,  —  =  ^r^^ — ^  =  ~  ,  where 

t  =  273  -f-  Q.  Temperatures  t,  obtained  by  adding  273  to 
the  Centigrade  temperature  Q,  are  called  'absolute 
temperatures  on  the  gas  thermometer  scale.'  We  thus 
have  Charles'  law,  which  is  'The  temperature  of  a  given 
mass  of  gas  at  constant  pressure  varies  directly  as  the 
volume.' 

These  laws  are  included  in  the  formula  'pv  =  at,  where  v 
is  volume  of  1  gram  of  the  gas  (its  specific  volume)  and  a 
is  a  constant  for  a  given  gas. 

4.  Avogadro's  law  is  'All  gases  at  the  same  temperature 
and  pressure  contain  the  same  number  of  molecules  per 
unit  volume.'  Modem  work  on  the  electrical  properties  of 
gases  shows  that  this  number  {Avogadro^s  number)  is 
2-70  X  10^^  per  cubic  centimetre  ^  at  0°  C.  and  atmospheric 
pressure  (760  mm.  of  mercury). 

5.  The  gas  constant.  Now  let  n  be  the  number  of  mole- 
cules per  c.c.  and  m  be  the  mass  of  a  molecule  of  a  given 

^  Trans.  Roy.  Soc.  Edin.  xxi.  i.  1854,  or  Math,  and  Phys.  Papers,  i. 
p.  235. 

2  A.  Sommerfeld,  Atomic  Structure  and  Spectral  Lines,  p.  535. 
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gas  in  grams.  Then  mn  is  the  mass  in  grams  of  1  c.c.  and 

—  is  the  volume  in  c.c.  of  1  gram. 
mn 

Hence  pv  =  at  becomes  p  .  —  =  at, 

^  mn 

or  p  =  n  (ma)  t  =  nRt,  where  R  =  ma. 

Since,  by  Avogadro's  law,  n  is  the  same  for  all  gases  at 
the  same  temperature  and  pressure,  R  is  the  same  constant 
for  all  gases. 

Using  Avogadro's  number  given  above,  R  can  be  cal- 
culated. For,  a  pressure  of  760  mm.  of  mercury 

=  981  X  13-6  X  76  dynes  per  sq.  cm. 

=  1013600  dynes  per  sq.  cm. 

.  1013600  _.o.s^  10-17 

••    ^  =  2.7x101^x273-^^^^  ^^      • 

This  is  the  'universal  gas  constant'  used  in  the  kinetic 
theory  of  gases. 

In  physical  chemistry,  a  unit  of  mass  called  a  'gram- 
molecule'  or  a  'mol'  is  very  generally  used.  1  mol  of  a 
substance  is  M  grams,  where  M  is  the  '  molecular  weight ' 
of  the  substance  in  the  chemical  sense.  Thus  the  molecular 
weight  of  hydrogen  being  2  (1-008)  or  2-016,  1  mol  of 
hydrogen  is  2-016  grams;  the  molecular  weight  of  oxygen 
being  2  (16)  or  32,  1  mol  of  oxygen  is  32  grams. 

Now  let  n'  be  the  number  of  mols  per  c.c. 

Then  n'M  is  the  number  of  grams  per  c.c.  and  this  is 
equal  to  nm, 

^    n  _M 
' '  n'      m' 

Now  the  molecular  weight  is  proportional  to  the  mass  of 

M 
a  molecule,  so  that  —  is  the  same  for  all  gases,  and  there- 
m  o        ' 

fore  —  is  the  same  for  all  gases,  and  equal  to  N,  say. 
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This  ratio  N  is  the  number  of  molecules  per  mol  and 
its  value  can  be  found  by  using  the  constants  for  oxygen : 

1  c.c.  of  oxygen  at  0°  and  760  mm.  weighs  -001429  gram 
Bind  1  mol  of  oxygen  is  32  grams, 

.      ,      -001429       .  .  _„       -^  g 
.-.  n'  =  — ^- —  =  44-65  X  10-^ 

Now  n  =  2-7  X  lO^^, 

,.  iV=™=j?:|^ii^  =  6.06xlO- 
n       44-65  X  10-^ 

{Avogadro^s  number  per  moP). 
Now  p  =  nRt  =  n'NRt  =  n'R% 
where  R'  =  NR, 

=  (6-06  X  1023)  (13-8  X  10-"), 
=  83-6  X  10«. 

R'  is  also  the  same  for  all  gases,  and  is  the  '  universal  gas 
constant '  used  in  physical  chemistry. 

Further,  if  v'  is  the  volume  of  1  mol  of  the  gas,  the 

number  of  mols  per  c.c.  is  -7, 

V 

.'.    —  =  n\  and  p  =  n'R't  becomes  pv'  =  R't. 


.gam 

fV 

=  at. 

where 

V  = 

.    v' 
pv' 

volume  of  1  gram 

=  Mv, 
=  Mat. 

of  the 

gas, 

[ence 

R  = 

=  Ma  or  a 

R'       83-6  X  106 
~  M'         M        •■ 

'     nu 

—  at    T 

vhe-Vi 

83-6  X  106 
ft  «  = -. 

These  results  may  be  summarised  as  follows: 

\.   p  =  nRt, 
where   (i)    if   ?i   is   the    number    of    molecules   per   c.c, 
R  =  13-8  X  10-^',   and  (ii)  if  n  is  the  number  of   mols 
per  c.c,  R  =  83-6  x  10^,  for  all  gases. 

1  Cf.  du  Noiiy,  Phil.  Mag.  Oct.  1924. 
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II.    pv  =  Rt, 
where  (i)  if  v  is  the  volume  of  1  mol  of  gas,  R  =  83-6  x  10^, 

and  (ii)  if  v  is  the  volume  of  1  gram  of  gas,  R  = -^ , 

where  M  is  the  molecular  weight  of  the  gas. 

In  the  above,  pv  has  the  dimensions  of  work,  so  that  R 
is  given  in  ergs. 

Now  41*8  X  10^  ergs  of  work  produce  1  gr.-calorie  of 
heat,  so  that  if  v  is  the  volume  of  1  mol  of  gas, 

pnj  =  (83-6  X  106)  ^  f  ergs, 

83-6  X  106    ^ 

=  7T-0 TT^  •  ^  gr.-calories, 

41-8  X  10®      ° 

=  2t  gr.-calories. 

Thus  using  heat  units,  pv  =  2t,  where  v  is  the  volume  of 
1  mol. 

6.  Perfect  gas.  This  is  an  ideal  gas,  infinitely  far  from  the 
point  of  liquefaction,  of  which  one  of  the  properties  is  that 
of  satisfying  Boyle's  and  Charles'  laws  exactly,  so  that 
pv  =  Rt. 

7.  Characteristic  equation.  The  equation  pv  =  Rt  for  a 
perfect  gas  is  an  example  of  the  equation  /  (p,  v,t)  =^  0 
which  holds  for  any  'simple'  substance,  such  as  a  homo- 
geneous fluid.  Such  an  equation  is  called  the  'character- 
istic '  equation  of  the  substance.  If  any  two  of  the  three 
variables  p,  v,  t  which  determine  the  physical  state  of  the 
substance  are  known,  the  third  can  be  found  from  the 
characteristic  equation. 

Hence  the  '  state '  of  the  substance  is  determined  by  any 
two  of  p,  V,  t. 

8.  Indicator  diagram.  If  p,  v  are  taken  as  ordinate  and 
abscissa  of  a  point  A,  this  point  indicates  the  state  of  the 
substance.  If  the  substance  passes  to  another  state  B,  the 
changes  it  undergoes  during  the  passage  are  shown  by  a 
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curve  joining  A  to  B.  The  figure  is  an  'indicator  diagram' 
of  the  kind  first  used  by  Watt  to  indicate  the  state  of  the 
steam  in  the  cyHnder  of  an  engine. 

9.  Work  done  by  a  fluid  in  expansion.  Let  S  and  S' 
represent  the  surface  of  a  fluid  before  and  after  a  small 
expansion  against  an  external  pressure  p  which  is  constant 
over  the  surface,  the  pressure  of  the  substance  being  sup- 
posed infinitesimally  greater  than  the  external  pressure, 
which  makes  the  expansion  possible  and  a  slow  one  so  that 
no  energy  of  motion  is  developed. 

Consider  the  element  dS  of  the  surface  and  let  its  dis- 
placement along  the  normal  be  dn.  The  work  done  by  the 
substance  is  then  S  (pdS)  dn 

—  pUdS  .  dn  =^  p  (increase  of  volume)  =  pdv. 


'     CHAPTER     II 

THE  TWO  LAWS  OF  THERMODYNAMICS; 
THE  CARNOT  CYCLE 

10.  The  first  law  of  thermodynamics.  This  is  the  principle 
of  the  conservation  of  energy  expressed  so  as  to  include 
the  energy  of  heat.  A  body  in  a  given  state  has  'internal 
energy'  associated  with  the  configuration  and  motion  of 
its  molecules.  The  change  of  its  internal  energy  when  it 
passes  from  one  state  to  another  is  independent  of  the  path 
between  the  two  states  and  depends  only  on  the  con- 
figuration and  motion  in  the  respective  states.  The  differ- 
ence between  the  internal  energy  in  any  state  and  that  in 
some  standard  state  will  be  denoted  by  E. 

If  the  substance  takes  in  a  quantity  of  heat  Q  (measured 
in  units  of  work)  and  performs  W  units  of  external  work, 
let  the  internal  energy  change  from  E^  to  E^  •  Then  by  the 
conservation  of  energy, 

E^-E^  =  Q-W. 

This  is  the  first  law  of  thermodynamics — in  words,  it  is 
'  The  heat  taken  in  by  a  substance 

=  the  increase  of  its  internal  energy 

+  the  work  done  by  the  substance.' 

For  a  simple  substance  whose  state  is  represented  by  a 
point  on  the  p-v  diagram,  the  work  done  in  passing  from 

a  state  ^  to  a  state  B  =  \     pdv. 

Hence  the  heat  taken  in,  in  passing  from  A  to  B, 

=  Eb-  Ea+        pdv, 

=  Eb-  E^  +  (area  ABML). 

Since  this  area  depends  on  the  form  of  the  curve  AB, 
both  the  work  done  by  the  substance  and  the  heat  taken 
in  depend  on  the  path  from  A  to  B. 
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Thus  the  quantity  of  heat  which  is  taken  in  by  a  body 
in  passing  to  any  state  from  some  standard  state  cannot 
be  expressed  as  a  function 
of  the  state ;  it  may  have  any  i^ 
value  depending  on  how  that 
state  was  reached  from  the 
standard  one. 

If  dE  is  the  small  increase 
of  internal  energy  which  ac- 
companies the  absorption  of 
a  small  amount  of  heat  dQ 
and  the  performance  by  the 
substance  of  a  small  amount  of  work  dW,  then 

dE  =  dQ-  dW. 

But  it  is  imderstood  that  whilst  dE  is  the  differential  of 
a  function  E  of  the  variables  which  determine  the  state, 
dQ  and  dW  are  not  differentials  of  functions  Q,  W  of  the 
state,  as  such  functions  do  not  exist. 

11.  Joule's  experiment  on  the  expansion  of  a  gas  into  a 
vacuum^.  Joule  compressed  air  to  about  20  atmospheres 
in  a  strong  vessel  which  was  connected  by  a  pipe,  contain- 
ing a  stop-cock,  to  another  vessel  previously  exhausted. 
The  whole  was  placed  in  a  vessel  of  water. 

On  opening  the  stop-cock,  the  air  rushed  from  the  first 
vessel  to  the  second  so  that  in  a  short  time  the  pressure 
was  the  same  in  both.  On  measuring  the  temperature  of 
the  water  again,  no  change  was  perceptible. 

In  this  experiment  no  external  work  was  done  by  the 
air  and  no  heat  entered  or  left.  Hence  by  the  first  law,  the 
internal  energy  of  the  air  was  unchanged  by  the  sudden 
expansion.  Now  the  internal  energy  ^  is  a  function  of  the 
state  and  is  in  general  a  function  of  two  of  p,  v,  t,  so  that 
E  is  a,  function  of  v  and  t.  But  E  is  unaffected  by  change 
of  volume  and  is  therefore  a  function  of  t  only. 


1  Phil  Mag.  1845. 
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This  experiment  was  not  a  very  delicate  one,  on  account 
of  the  large  volume  of  water  used,  which  might  absorb  a 
small  quantity  of  heat  without  a  sensible  rise  of  tempera- 
ture. By  a  much  more  sensitive  variant  of  this  method, 
known  as  the  porous  plug  experiment,  Joule  and  Thomson 
during  1852-62  carried  out  a  long  series  of  determinations 
in  which  a  small  change  of  temperature  was  shown  to 
occur  in  all  the  gases  used  (air,  carbonic  acid  and  hydrogen). 
The  change  was  much  less  in  the  case  of  hydrogen  than  of 
air,  and  the  former  being  much  further  from  its  point  of 
liquefaction  than  air  at  ordinary  temperatures  is  more 
nearly  a  'perfect'  gas. 

It  will  be  assumed,  then,  that  a  'perfect'  gas  has  also 
the  property  that  in  the  Joule  experiment,  its  change  of 
temperature  would  be  zero  exactly.  Hence  the  internal 
energy  of  a  perfect  gas  is  a  function  of  its  temperature  only. 

12.  Specific  heat.  Let  the  temperature  of  1  gram  of  a 
substance  rise  from  t  to  t  +  dt  owing  to  the  absorption  of 

a  small  quantity  of  heat  dQ  and  let  -^  =  c.  Then  when  dt 

is  infinitesimal,  c  is  called  the  'specific  heat'  of  the  sub- 
stance at  temperature  t. 

Any  number  of  specific  heats  may  be  defined  at  a  given 
temperature,  according  to  the  conditions  under  which  the 
heating  takes  place.  For  it  has  been  seen  that  the  quantity 
of  heat  taken  in  by  a  substance  in  a  given  change  of  state 
depends  on  the  path  by  which  that  change  is  effected. 

Thus  if  the  pressure  is  constant  during  the  change  ~ 

has  the  value  Cj,,  which  is  'the  specific  heat  at  constant 

pressure,'  and  if  the  volume  is  constant  during  the  change 

/ID 

-jr  has  the  value  c^,  'the  specific  heat  at  constant  volume.' 

Now  dQ  =  dE  +  pdv, 

dE         dv 
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If  V  is  constant,  c  =  c^, 

_dE 

'•    ''^~  dt' 

Now  for  a  perfect  gas  ^  is  a  function  of  t  only ;  therefore 
c^  is  a  function  of  t  only. 

For  the  permanent  gases,  c„  is  independent  of  t  except 
for  very  high  or  very  low  temperatures,  so  that  a  further 
condition  will  be  assumed  for  a  perfect  gas,  viz.  that  c^  is 
constant  for  aU  temperatures. 

Hence  -^  =  c„  and  E  =  cj,  for  a  perfect  gas,  if  E  is 

taken  to  be  0  when  ^  =  0. 

13.  Properties  of  a  perfect  gas.  The  gas  satisfies  the  con- 
ditions 'pv  =  Rt,  E  ^  c^t. 

Now  dQ  =  dE  +  pdv, 

^  c^dt  +  pdv, 

,                                dp      dv      dt 
and  -^  H =  — , 

p         V         t 


:.    dQ  =  Cydt  +  "pvi-j  — 


'dt      dp^ 
p 

=  c^dt  +  Rdt  —  vdp. 
But  dQ  =  Cpdt  when  dp  =  0, 

.'.    c^  +  R  =  Cj,, 
or  Cj,  —  c^  =  R. 

Hence  Cj,  is  also  constant  for  a  perfect  gas,  and  Cj,>  c^. 
Also  dQ  =  Cydt  +  pdv,    . 

=  Cpdt  —  vdp. 

14.  Adiabatic  expansion.  This  is  an  expansion  of  a  sub- 
stance, which  may  be  considered  as  contained  in  a  vessel 
fitted  with  a  movable  piston,  when  the  waUs  of  the  vessel 
and  the  piston  are  impermeable  to  heat. 

The  expansion  is  supposed  to  be  carried  out  against  an 
external  pressure  sufficiently  slowly  for  the  substance  to 
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be  considered  in  equilibrium  with  the  external  pressure  at 
any  stage  of  the  process  (the  process  in  fact  is  to  be  one 
which  later  will  be  described  as  'reversible'). 
Under  these  conditions, 

dQ  =  0, 
and  in  the  case  of  a  perfect  gas 

c^dt  +  pdv  =  01 
Cpdt  —  vdp  ^  Oj ' 
Cj,  _      vdp 
c^  pdv' 

If  — ,  which  is  constant,  is  denoted  by  y,  (y  >  1), 

V         p 


whence 


pv"^  =  constant. 


15.  Isothermal  expansion.  This  is  an  expansion  in  which 
the  substance  is  kept  at  a  constant  temperature. 

Since  pv  =  Rt  for  a  perfect  gas,  pv  =  constant  in  an 
isothermal  change. 

16.  Isothermals  and  adiabatics.  Curves  on  the  p-v  dia- 
gram corresponding  to  isothermal  and  adiabatic  changes 
of  a  substance  are  called  isothermals  and  adiabatics. 

For  a  perfect  gas  they  are  the  curves  pv  =  constant  and 
pv'^  =  constant. 

p         \        adiabatic 


isothermcJy 


V 


Since 
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for  an  adiabatic  and   = 


dv  V  V 

isothermal,  and  y  >  1,  an  adiabatic  crosses  an  isothermal 
as  shown  in  the  figure. 

This  property  is  true  for  any  simple  substance.  (§  74.) 

17.  Cycle.  If  a  substance  passes  through  a  complete 
cycle  of  operations  so  as  to  return  to  the  same  state  at  the 
end  of  the  cycle  as  at  the  beginning,  the  indicator  diagram 
is  a  closed  curve. 


M       V 


The  work  done  by  the  substance  in  expanding  along 
ACB  =  area  ACBML  and  the  work  done  on  it  in  con- 
tracting along  BDA  =  area  BDALM, 

.'.    the  work  done  by  it  during  the  cycle 

-  area  ACBML  -  area  BDALM, 
=  area  of  the  cycle. 
Again,  since  the  substance  is  in  the  same  state  at  the 
beginning  and  end  of  the  cycle,  the  internal  energy  is  un- 
changed. Therefore  the  heat  taken  in  is  equal  to  the  work 
done  by  the  substance. 

Thus  the  area  of  the  cycle  also  represents  the  heat  taken 
in  during  the  cycle. 

18.  Carnofs  cycle.  The  following  is  an  account  of  Carnot's 
cycle,  as  modified  by  Thomson  so  as  to  bring  it  into  line 
with  the  dynamical  theory  of  heat. 
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The  system  consists  of  a  cylinder  whose  walls  are  im- 
permeable to  heat,  but  whose  base  i)  is  a  perfect  conductor 
of  heat.  A  and  B  are  bodies  whose  temperature  is  kept 
constant,  A  the  hot  body  or  '  source '  being  at  temperature 


P 


B 

Cold 

tz 

t^  and  B  the  cold  body  or  'refrigerator'  at  temperature 
^2,  (^1  >  ^2)-  C'  is  a  non-conducting  stand.  The  cyUnder  is 
fitted  with  a  piston  E,  also  impermeable  to  heat,  which  is 
connected  by  a  rod  to  the  external  system  on  which 
mechanical  work  is  to  be  performed.  The  working  sub- 
stance (which  in  a  steam-engine  is  water  or  steam  or  both) 
is  contained  between  D  and  E.  The  figure  on  the  right  is 
the  indicator  diagram  of  the  cycle  and  consists  of  parts  of 
two  isothermals  ah,  cd  corresponding  to  the  temperatures 
t^,  ^2  and  parts  of  two  adiabatics  ad,  be.  There  are  four 
stages  corresponding  to  the  parts  ab,  be,  cd,  da  of  the  cycle. 

(1)  The  substance  is  at  temperature  t-^  and  its  state  is 
represented  by  the  point  a.  The  cyhnder  being  placed  on 
the  source  A ,  let  the  piston  rise  so  that  the  substance  takes 
in  heat  from  A  at  constant  temperature  t^,  thus  passing 
along  the  isothermal  ab  to  the  state  b. 

(2)  The  cyUnder  being  removed  and  placed  on  the  im- 
permeable stand  C,  let  the  piston  rise  still  further  until  the 
temperature  has  fallen  to  t^,  that  of  the  refrigerator  B.  The 
substance  has  passed  along  the  adiabatic  be  to  the  state  c. 

(3)  The  cyhnder  being  removed  from  C  and  placed  on 
B,  let  the  piston  be  pushed  down  so  that  the  substance 
gives  out  heat  to  B  at  constant  temperature  t^ ,  thus  passing 
along  the  isothermal  cd  to  the  state  d. 
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(4)  The  cylinder  being  removed  from  B  and  placed  on 
the  impermeable  stand  C,  the  piston  is  still  further  pushed 
down  until  the  temperature  has  risen  to  t^,  that  of  the 
source  A.  The  substance  has  passed  along  the  adiabatic 
da  to  its  original  state  a. 

The  mechanical  work  done  {W)  in  the  cycle  is  equal  to 
the  area  abcda.  If  Q^^  is  the  heat  taken  in  at  temperature 
<i  along  ab  and  Q^  is  the  heat  given  out  at  temperature  t^ 
along  cd,  then  since  there  is  no  transfer  of  heat  to  or  from 
the  substance  along  be  or  da,  Qi  —  Qi=  W,  units  of  work 
being  used. 

The  eflSciency  of  the  cycle  is  the  ratio  of  the  mechanical 
work  done  to  the  heat  taken  in  from  the  source,  or  W/Qi , 
Q1-Q2 


i.e 


Qi 


19.   Reversibility  of  Carnofs  cycle.  The  cycle  is  reversible, 
that  is,  the  substance  can  be  taken  along  the  path  adcba 
so  that  the  stages  1,  2,  3,  4  are  performed  in  the  order 
4,  3,  2,  1,  each  stage  being  carried  out  in  the  opposite  sen&e 
to  that  just  described. 
The  steps  now  are : 
(4  reversed)  The  substance  is  in  the  state  a  at  temperature 
ti  and  passes  along  the  adiabatic  ad  to  the 
state  d,  the  temperature  falling  to  ^2- 
(3  reversed)  It  expands  isothermaUy  at  temperature  t^ 
along  dc  to  the  state  c,  taking  in  an  amount  of 
heat  Q2  equal  to  that  given  out  in  stage  3  of 
the  direct  cycle. 
(2  reversed)  It  passes   adiabatically  along   cb  to  b,   the 

temperature  rising  to  f^ . 

(1  reversed)  It   contracts   isothermaUy  along   ba  to   the 

original  state  a  at  temperature  ^,  giving  out 

heat  ^1  equal  to  that  taken  in  in  stage  1  of 

the  direct  cycle. 

The  same  work  W  is  done,  but  is  done  on  the  substance 

by  the  piston,  so  that  a  quantity  Q^  of  heat  is  taken  from 
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the  cold  body  and  a  larger  quantity  Qi  given  out  to  the  hot 
body,  where  Qi  —  Q2  =  W. 

The  reversibility  of  the  operations  depends  on  their 
being  carried  out  sufficiently  slowly  for  the  substance  at 
each  stage  to  be  virtually  in  thermal  and  mechanical  equi- 
librium with  its  surroundings,  i.e.  the  states  through  which 
it  passes  are  a  succession  of  equilibrium  positions  through 
which  it  is  guided. 

The  temperature  of  A  when  heat  is  being  taken  in 
(during  the  direct  cycle)  by  the  substance  is  only  infini- 
tesimally  greater  than  that  of  the  substance — ^just  enough 
for  conduction  to  occur — and  that  of  B  when  heat  is  being 
given  out  only  infinitesimally  less  than  that  of  the  substance. 

Also,  the  external  pressure  on  the  piston  differs  from 
that  of  the  substance  by  an  infinitesimal  amount  through- 
out— just  enough  to  move  the  piston  in  or  out  as  the  case 
may  be. 

Such  operations  are  reversible  in  every  detail — for 
example,  in  the  isothermal  process  represented  by  ab,  at 
any  stage  a  small  outward  motion  of  the  piston  will  at 
first  cause  a  small  lowering  of  temperature  which  will 
suffice  for  heat  to  flow  into  the  substance  and  maintain 
the  level  of  temperature,  whereas  a  small  inward  motion 
of  the  piston  would  cause  a  small  rise  of  temperature  suffi- 
cient to  cause  heat  to  flow  out  of  the  substance  and  keep  the 
temperature  constant.  The  slightest  reversal  of  the  motion 
of  the  piston  would  lead  to  a  reversal  of  the  flow  of  heat. 

It  is  this  reversibihty  of  operations  conducted  so  slowly 
that  they  may  be  regarded  as  a  succession  of  equifibrium 
positions  which  has  made  Carnot's  idea  of  a  reversible 
cycle  so  fruitful  in  the  study  of  chemical  and  physical 
changes. 

20.  The  second  law  of  thermodynamics.  Carnot's  prin- 
ciple that  a  reversible  engine  can  produce  the  maximum 
amount  of  mechanical  work  derivable  from  a  given  quan- 
tity of  heat  let  down  through  a  given  range  of  temperature 
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has  already  been  referred  to.  His  argument  depended  upon 
the  assumption  that  the  heat  taken  from  the  hot  body  was 
wholly  given  up  to  the  cold  one.  Tliis  assumption,  that 
Qi  =  Q2,  must  be  replaced  by  Q^  —  Q.^  =  W. 

Clausius  and  Thomson  each  showed  that  Carnot's  prin- 
ciple still  holds  if  a  new  axiom,  now  known  as  the  second 
law  of  thermodynamics,  is  used. 

This  axiom  was  given  by  Clausius  as  follows :  '  It  is  im- 
possible for  a  seK-acting  machine,  unaided  by  any  external 
agency,  to  convey  heat  from  one  body  to  another  at  a 
higher  temperature.' 

21 .  Proof  of  Carnofs  principle.  The  principle  is  '  No  heat 
engine  working  between  two  given  temperatures  of  source 
and  refrigerator  can  be  more  efficient  than  a  reversible  one.' 

Let  i?  be  a  reversible  engine  and  8  a  non-reversible  one. 

Let  R  take  in  heat  Q  from  the  source  and  perform  work 

W  in  its  cycle,  so  that  heat  Q  —  W  is  given  out  to  the 

refrigerator.    Suppose  that  in  order  to  perform  the  same 

work  W  in  its  cycle,  S  takes  in  heat  Q'  from  the  source  and 

gives  out  heat  Q'  —  W  to  the  refrigerator.  The  respective 

W     W 
efficiencies  are  ^ ,    yy.    Let  the  non-reversible  engine  S 

be  more  efficient  than  the  reversible  one  R.  Then 

Now  let  S  drive  R  reversed,  so  that  the  output  of  work 
W  from  S  is  used  up  in  driving  R  and  the  total  work  done 
in  a  cycle  is  zero. 

;S^  takes  in  heat  Q'  from  the  source  and  gives  out  heat 
Q'  —  W  to  the  refrigerator;  R  reversed  takes  in  heat 
Q  —  W  from  the  refrigerator  and  gives  out  heat  Q  to  the 
source. 

Hence  the  refrigerator  parts  with  heat 

{Q-W)-  [Q'  -  W) 
and  the  source  receives  heat  Q  —  Q'  with  no  output  or 
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reception  of  external  work.  Thus  heat  Q  —  Q'  (which  is 
positive,  since  Q  >  Q')  is  transferred  from  the  refrigerator 
to  the  source  by  a  self-acting  machine  on  which  no  external 
work  is  done.  This  is  contrary  to  the  axiom  of  Clausius 
(the  second  law).  Hence  S  cannot  be  more  efficient  than  R. 
This  is  Carnot's  principle. 

22.  All  reversible  engines  working  between  the  same  two 
temperatures  are  of  equal  efficiency.  Consider  two  reversible 
engines  R,  R'.  By  using  R  to  drive  R'  reversed  it  can  be 
shown,  as  above,  that  R  is  not  more  efficient  than  R' ;  and, 
by  using  R'  to  drive  R  reversed,  that  R'  is  not  more  efficient 
than  R.  Hence  R,  R'  are  equally  efficient. 

23.  The  theory  of  a  reversible  engine  working  between  two 
given  temperatures.  Since  the  efficiency  of  every  reversible 
engine  taking  in  heat  Qi  at  temperature  ti  and  giving  out 

heat  Q2  at  temperature  ig  is  the  same,       ^        or  1  —  ^ 

is  a  function  of  ^j,  t^,  only;  i.e.  ^  =  f  {ti,  t^). 

Now  consider  two  such  engines,  the  first  of  which  takes 
in  heat  Qi  at  temperature  t^  and  gives  out  heat  Q^  at 
temperature  ig?  the  rejected  heat  Q2  being  taken  in  at  that 
temperature  by  the  second  engine,  which  rejects  heat  Q^ 
at  temperature  t^.  Then 

7)   ^ J  (^1'  ^2)?    Q  —J  v"2.i  H)- 

Since  the  effect  is  that  Qi  is  taken  in  at  temperature  t^ 
and  Q^  given  out  at  temperature  ^3  by  a  reversible  process 
(the  combined  action  of  two  reversible  engines), 

.-.  f{t„t,).f{t„t,)^fit„t,), 


carnot's  cycle  21 

Now  let  ^3  be  a  constant  standard  temperature,  while 
ti,  ^2  are  variable.  Then  t^  may  be  omitted  from  f  {ti,  t^) 
and/ (^2 5  h)^  so  that  they  may  be  written  ip  {tj)  and  iff  (^2)- 


"   Q2     ^  (^2) ' 

24.  Thomson's  absolute  thermodynamical  scale  of  tem- 
perature. Thomson  1  perceived  that  this  property  of  a  re- 
versible engine  could  be  used  to  compare  the  two  tempera- 
tures ti,t2,  the  scale  of  temperature  depending  on  the  form 
of  the  function  i/r  chosen;  and,  that  any  such  scale  would 
be  independent  of  the  nature  of  any  particular  substance, 
as  this  property  of  a  reversible  engine  did  not  depend  upon 
the  nature  of  the  working  substance.  He  finally  chose  a 
scale  for  which  the  function  ip  (t)  was  proportional  to  t  so 

that  yy  =  T>  ^^^  ^^  ^^^  memoir  on  ' The  dynamical  theory 

V2  *2 

of  heat'^  defined  absolute  temperature  in  the  words  'the 
absolute  values  of  two  temperatures  are  to  one  another  in 
the  proportion  of  the  heat  taken  in  to  the  heat  rejected  in 
a  perfect  thermodynamic  engine  working  with  a  source  and 
refrigerator  at  the  higher  and  lower  of  the  two  temperatures 
respectively.' 

A  thermodynamic  thermometer  would  consist  of  a  set 
of  reversible  engines  each  doing  the  same  amount  of  work 
W  in  the  cycle.  The  first  takes  in  heat  Qi  at  temperature  t^ 
and  rejects  heat  Q2  at  temperature  t^;  the  second  takes  in 
the  heat  Q2  rejected  by  the  first  at  temperature  ^2  and  gives 
out  heat  ^3  at  temperature  t^  and  so  on. 

Now  PF  =  4  -  §2  =  ^2  -  ^3  =  •••  etc., 

and  ^_^  =  9^  =  93=,^^etc., 

H         H        ^3 

,   ,       t-t  to    —    'o  t"}    —    •  •  •    t5 LO . 

1  Proc.  Camb.  Phil.  Soc.  June  1848.  ^  Coll.  Papers,  vol.  i.  p.  235. 
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In  this  way  equal  temperature  intervals  on  the  absolute 
scale  are  indicated.  The  quantities  of  heat  Qi,Q2,  •••  passed 
on  from  engine  to  engine  diminish  in  proportion  to  the 
f aUing  temperatures  1^,1^,  ...,  so  that  when  ^  =  0  no  heat 
can  be  passed  on  and  the  substance  is  at  the  lowest  possible 
limit  of  temperature.  Thus  the  two  laws  of  thermodynamics 
lead  to  the  conclusion  that  the  zero  of  the  absolute  thermo- 
djmamic  scale  is  the  lowest  attainable  temperature. 

25.  The  efficiency  of  a  reversible  engine  working  between 
two  given  temperatures.  Let  the  temperatures  of  the  source 
and  refrigerator  be  t^,  t^. 

The  efficiency  is  9l^^  ^  where  ^i  =  ??. 

.'.    the  efficiency  is  -^— — -  or  1  —  7^. 

This,  then,  is  the  maximum  efficiency  attainable  by  any 
engine  which  takes  in  heat  at  temperature  t^  and  rejects 
heat  at  temperature  ^3- 

The  maximum  work  obtainable  from  a  quantity  of  heat 

Qi  taken  in  by  the  engine  is  Qj  ( 1  —  r )  • 

Thus  if  a  quantity  of  heat  Q  is  available  at  temperature 
t  and  the  lowest  available  temperature  is  t^ ,  the  maximum 

mechanical  work  obtainable  from  it  is  Q  [  1  — "  1 . 

This  celebrated  formula,  due  to  the  combined  work  of 
Carnot,  Joule,  Clausius  and  Thomson,  has  since  their  time 
become  the  foundation  of  the  many  and  important  ad- 
vances in  physical  and  chemical  theory  due  to  the  use  of 
thermodynamical  principles. 

26.  Carnot's  cycle  for  a  perfect  gas.  For  a  perfect  gas 
pv  =  Rt,  where  t  is  the  absolute  temperature  on  the  perfect 
gas  thermometer  scale. 

The  isothermals  ab,  cd  are  pv  =  Rt^,  pv  =  Rt2. 

The  adiabatics  be,  ad  are  pv"^  =  k^,  pv''  =  k^. 

By  the  first  law,  dQ  ^  dE  -\-  pdv.  As  the  energy  ^  of  a 
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perfect  gas  is  a  function  of  t  only,  E  is  constant  along  ah,  so 
that  dE  =  0.         .    ^ong  ab,  dQ  =  pdv. 

.'.    Along  ab  the  heat  taken  in, 

Q^  =  Y.dQ=\    pdv^BtJ    —  =  i2^iIog( -M. 

J  Va  .    Va   ^  \^o/ 


So,  the  heat  given  out  along  cd, 

Now  at  a,  pv  =  Rt^ ,  2>v'>'  =  /cg , 

•     ^  y-i  _  3_ . 

and  at  b,  pv  =  Rti ,  pv^  =  k^  , 


So 


.       ■^6   _  Vc 

V2     '2 
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This  result  shows  that  the  ratio  of  two  temperatures  on 
the  perfect  gas  thermometer  is  the  same  as  their  ratio  on 
Thomson's  absolute  scale. 

Since  the  permanent  gases  behave  very  approximately 
Kke  a  perfect  gas,  the  ratio  of  two  temperatures  as  re- 
corded by  an  actual  gas  thermometer  differs  only  sHghtly 
from  that  of  the  absolute  scale  of  Thomson. 

It  will  be  shown  in  a  later  chapter  how  the  experiments 
of  Joule  and  Thomson  on  the  porous  plug  cooHng  effect 
due  to  a  given  gas  make  it  possible  to  calculate  the  ratio 
of  two  temperatures  on  Thomson's  absolute  scale  when 
they  have  been  observed  by  a  thermometer  containing  that 
gas.  In  this  way  the  ratio  of  the  absolute  thermodynamical 
temperatures  of  boihng  water  and  melting  ice  was  found 
at  atmospheric  pressure  to  be  nearly  l-365i. 

Taking  the  number  of  degrees  between  these  tempera- 
tures on  the  Thomson  scale  to  be  100,  and  the  temperature 

of  melting  ice  on  that  scale  as  x,  then  ^^^  ^  ^  =1-365 

X  ' 

so  that  X  is  determined.  Thomson  found  the  value  273-7 
for  X,  but  more  recent  work  gives  the  value  273-1.  Thus 
273-1  is  the  absolute  thermodynamical  temperature  of  melt- 
ing ice  and  373-1  that  of  boiling  water  at  atmospheric 
pressure.  Hence  the  absolute  zero  of  the  Thomson  scale 
is  273-1  degrees  below  the  melting  point  of  ice,  if  100 
Thomson  degrees  is  the  range  from  the  melting  point  of 
ice  to  the  boiUng  point  of  water  at  atmospheric  pressure. 

The  importance  of  the  thermodynamical  scale  in  low 
temperature  work  is  clear,  as  a  gas  thermometer  would 
behave  anomalously  at  these  temperatures ;  the  temperature 
can  only  be  found  by  thermodynamical  calculations  based 
on  Thomson's  scale. 

1  PUl.  Trans.  1854. 
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DISSIPATION  OF  MECHANICAL  ENERGY; 
ENTROPY 

27.  The  Carnot-Clausius  equation  for  a  reversible  cycle. 
Consider  a  system  which  goes  through  a  reversible  cycle 
of  operations. 

Divide  the  cycle  into  a  large  number  {n)  of  parts  in  which 
heat  Qi  is  taken  in  at  temperature  t^,  Q^  at  temperature 
4,  and  so  on,  respectively. 

Consider  {n  —  1)  reversible  engines  of  which 
the  first  takes  in  heat  qi  at  temperatm-e  t^ 

and  gives  out  Q2,  +  ^2  ^^  temperature  ^2 , 
the  second  takes  in  heat  ^3  at  temperature  ^2 

and  gives  out  Q^  +  q^  at  temperature  t^ , 
and  so  on,  as  indicated  in  the  diagram  below : 


I 


Qi 


i   ?i 


^z 


h 
t. 

''n-l 


\ 


(In- 


i 


^3  +  ^3 


i 

Qn  +  qn 


These  engines,  as  a  whole,  take  in  gj  at  temperature  t^ 
and  give  out  Q2  at  ^2  >  ^3  at  ^3 ,  . . . ,  Qn~i  at  tn-i  and  {Q^  +  g„) 
at  f„. 

The  system  considered  takes  in  Q^  at  t^,  Q^  at  %,..., 
Vn  at  t„. 

The  engines  and  the  sj^stem  form  a  complex  system 
which  is  reversible ;  for  this  complex  system,  the  net  intake 
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of  heat  is  Q^  +  %  at  temperature  t^  and  the  net  output  of 
heat  is  q^  at  t^ . 

But  for  the  separate  engines, 

Qi±q2  _qr 


Qn  +  qn         qn-X 


Adding  all  these  equations  we  have 

Qi    .Qi    .  ,    Qn        n 

—  +  —  +  ...+  —  =  0, 

n        h  ^n 

or  for  infinitesimal  changes,  where  dQ  is  the  heat  taken  in 
at  temperature  t, 

2  — -  =:  0,  for  a  reversible  cycle. 

This  is  the  Carnot-Clausius  equation  and  the  proof  in 
its  essentials  is  that  given  by  Thomson  i. 

28.  Irreversible  cycle.  If  Q^^  is  the  heat  taken  in  by  an 
irreversible  engine  at  temperature  tj^  and  Q2  that  rejected 
at  temperature  ^2?  then  since  it  is  less  efficient  than  a 
reversible  one  between  those  temperatures,  its  efficiency 

-—: — -  is  less  than  J— — ^  which  is  that  of  a  reversible  one. 
1  _  ^2       1  _  h 

"         Qi  h' 

or  Q2h>Qj2, 

or  Q2^Qi 

1  Coll.  Papers,  vol.  i.  p.  236. 
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Consider  now  a  system  going  through  an  irreversible 
cycle  of  operations. 

Let  it  work  in  conjunction  with  (n—l)  reversible  engines 
in  the  manner  of  the  preceding  paragraph.  Using  the 
result  just  proved,  we  shall  have,  since  the  complex  system 
is  irreversible,  ^ 

Qi  +  qi  ^  gn 

h  ''n 

whUe  ?^±i-^  =  f!,  ....  ?^  =  f^,  as  before. 
Adding,  we  have 

or  S  ^  <  0,  for  an  irreversible  cycle. 

29.  TTie  dissipation  of  mecJmnical  energy  in  natural  pro- 
cesses. In  any  reversible  process  where  heat  is  developed 
from  mechanical  energy  a  reversal  of  the  process  restores 
the  mechanical  energy  from  the  heat ;  there  is  no  dissipation 
(or  waste)  of  mechanical  energy,  it  can  always  be  recovered 
by  the  system  itself. 

The  spontaneous  changes  in  nature  are,  however,  irre- 
versible; the  initial  state  of  a  system  cannot  be  restored 
from  the  final  one  by  its  own  efforts,  whatever  human 
control  of  them  there  may  be;  to  do  this,  mechanical 
energy  from  outside  the  system  must  be  brought  in,  which 
means  that  in  a  natural  change  mechanical  energy  has  been 
dissipated.  (The  energy  itseK  is  conserved,  but  the  part 
of  it  available  for  mechanical  work  is  reduced.) 

Some  of  these  irreversible  processes  will  now  be  con- 
sidered, 

(i)  Production  of  heat  by  friction.  Joule  determined  the 
mechanical  equivalent  of  heat  by  an  experiment  in  which 
a  falling  weight  was  used  to  revolve  a  paddle  in  water  so 
as  to  heat  it  by  the  friction  between  the  paddle  and  water. 
The  system  at  the  end  cannot  be  guided  back  to  its  original 
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state,  except  by  the  use  of  fresh  mechanical  effort  from 
outside.  By  falUng,  the  weight  has  done  mechanical  work 
W  and  the  water  has  received  heat  W.  To  restore  the  sys- 
tem to  its  original  state,  this  heat  W  must  be  removed 
from  the  water  and  work  W  done  on  the  weight  to  lift  it 
back  to  its  old  level.  If  t  is  the  temperature  of  the  water, 
the  maximum  mechanical  work  obtainable  from  the  heat 

W removed  is  W  (l  —  ^] ,  where  t^  is  the  lowest  available 

temperature,  and  this  is  not  sufficient  to  raise  the  weight 

back  to  its  old  level.  There  is  a  deficiency  of  mechanical 

Wt 
energy  equal  to  —-^  which  has  been  lost  in  the  process  and 

cannot  be  recovered. 

(ii)  Conduction  of  heat.  Let  a  quantity  of  heat  Q  be 
transferred  along  a  rod  of  metal  by  conduction  from 
temperature  ^i  at  one  end  to  temperature  ^2  at  the  other 

ih  >  h)- 

If  the  lowest  available  temperature  is  ^0 ,  the  mechanical 
work   obtainable   from   the   heat   before   the   transfer  is 

q(i-^A  and  after  is  Q  (\  -  ^f\ . 
There  is  a  loss  of  mechanical  energy  equal  to 

«('4:)-o(i4:)-«'«(r,4 

which  is  positive,  since  tx>  tc^. 

(iii)  Gas  rushing  into  a  vacuum  (as  in  Joule's  experiment). 
A  gas  under  compression  in  a  cylinder  A  is  allowed  to  rush 
into  a  vacuous  cyUnder  B  so  as  to  fill  both  vessels.  If  the 
gas  be  supposed  perfect,  the  temperature  and  internal 
energy  of  the  gas  are  unaltered.  The  initial  state  can  be 
restored  by  using  a  piston  in  B  to  slowly  push  the  gas  back 
into  A. 

During  this  process  the  internal  energy  of  the  gas  is 
unaltered  (for  a  perfect  gas  it  is  independent  of  the  volume), 
so  that  from  the  equation  dQ  =  dE  +  dW,  dQ  =  dW  or 


the  initial  state  is   W  -  W  il  -  -^]  or  -^.   This  is  the 
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the  mechanical  work  done  is  equal  to  the  heat  given  to 
the  gas. 

Let  each  of  these  be  W.  To  obtain  the  initial  state,  this 
heat  W  must  be  withdrawn;  from  this  heat  mechanical 

work  Pf  ( 1  —  -  )  can  be  obtained,  where  t  is  the  tempera- 
ture of  the  gas  and  ^o  the  lowest  available  temperature. 
Thus  the  net  expenditure  of  mechanical  work  in  restoring 

amount  of  mechanical  energy  wasted  in  the  original  process. 
If  V  is  the  volume  of  A  and  v'  that  of  B, 

w  =  r%dv  =  r-'  ^* = Rt  log  r-±^) 

Jv  Jv  V  ^\      V      J 

(V  +  v' 
and  the  dissipation  is  Rt^  log  ( 

Thomson  was  the  first  to  perceive  this  tendency  in  nature 
of  energy  to  become  less  and  less  available  for  the  pro- 
duction of  mechanical  work,  and  formulated  it  in  1854^  in 
the  words  'there  is  at  present  in  the  material  world  a 
tendency  to  the  dissipation  of  mechanical  energy.' 

Much  later,  in  1874  2,  he  gave  a  molecular  theory  of  the 
dissipation  of  energy.  If  any  man  had  under  his  orders  a 
sufficient  number  of  minute  personages  (the  '  demons '  of 
Clerk  Maxwell)^  who  could  guide  the  motion  of  each 
molecule  of  a  gas,  then  it  would  be  possible  to  reverse 
processes  which  to  man  alone  are  irreversible.  The  dis- 
sipation is  due  to  man  not  being  able  to  control  the 
individual  molecules  but  only  to  control  them  in  large 
numbers,  though  'in  the  phenomena  of  high  vacua  and 
radioactivity,  where  the  molecules  come  nearly  individually 
before  our  attention  we  get  a  partial  ghmpse  of  the 
motions  contemplated  by  Maxwell  and  Thomson*.' 

1  Coll.  Papers,  vol.  i.  p.  511.  ^  Coll.  Papers,  vol.  v.  p.  11. 

'  Letter  from  Clerk  Maxwell  to  Lord  Rayleigh — Life  of  Lord  Rayleigh, 
by  his  son,  p.  47. 

*  Sir  J.  Larmor's  obituary  notice  of  Lord  Kelvin,  Proc.  Roy.  Soc.  1908. 
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30.  Entropy.  While  Thomson  was  developing  the  prin- 
ciple of  the  dissipation  of  mechanical  energy,  the  same 
ideas  were  being  carried  through  by  Clausius  (1855)  by  the 
use  of  the  concept  of  'entropy.' 

If  in  a  reversible  change,  a  substance  takes  in  heat  dQ 

when  its  temperature  is  t,  -f  is  called  the  increase  of 

V 

'entropy'  of  the  substance.  Denoting  this  by  d<^,  we  have 
dQ  =  td<^. 

If  the  substance  passes  from  the  state  A  to  the  state  P 
by  a  reversible  path  AKP,  the  increase  of  entropy  is 

P 


V 


S  — -  along  AKP;  and  if  by  the  path  AHP,  the  increase  is 

V 

S  ^  along  AHP. 

J/ 


But  AHPK  is  a  reversible  cycle  for  which  S 


dQ 
t 


0, 


or 


2  ^  along  AKP  +  S  ^  along  PHA  =  0, 
S  ^  along  AKP  =  S  "^  along  AHP. 


Thus  the  increase  of  entropy  from  ^  to  P  is  independent 
of  the  path  from  A  to  P,  or  cf)p  —  (f)^  is  independent  of  the 
path  from  ^  to  P  and  depends  only  on  the  states  A,  P. 
If  the  state  A  is  taken  as  the  state  of  zero  entropy,  the 
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entropy  (f>  in  any  other  state  is  S  -^  for  any  reversible 
path  from  A  to  that  state. 

31.  Increase  of  entropy  in  natural  processes.  If  a  sub- 
stance passes  from  one  state  to  another  by  an  irreversible 

dQ 
process,  the  increase  of  entropy  is  S  — -  taken  for  any  re- 

v 

versible  process  by  which  the  substance  can  pass  from  the 
first  state  to  the  second. 

For  instance,  in  Joule's  experiment,  where  a  gas  under 
compression  in  a  cylinder  A  rushes  into  a  vacuous  cylinder 
B  so  as  to  fill  both  vessels. 

Supposing  the  gas  perfect,  the  temperature  is  xmchanged ; 
in  the  first  state  the  gas  has  volume  v,  temperature  t  and 
in  the  final  state  has  volume  {v  +  v'),  temperature  t. 

The  change  of  state  can  be  effected  by  the  following 
reversible  process. 

Let  the  volume  A  of  gas  expand  slowly  so  as  to  press 
out  a  piston  in  £  so  controlled  that  the  external  pressure 
is  just  less  than  that  of  the  gas  at  aU  stages  of  the  expan- 
sion and  let  heat  fiow  into  the  gas  through  the  walls  of  the 
vessels  so  as  to  keep  the  temperature  constant.  In  this 
way  the  second  state  is  reached. 

The  increase  of  entropy  in  the  irreversible  process  is 

equal  to  S  -^  for  this  reversible  one  =  7  2  dQ,  since  t  is 
t  t 

constant,  =  ^ ,  where  Q  is  the  heat  taken  in.  In  the  re- 
versible process  E  is  constant, 

/.    dQ  =  dW  or  Q=  W 

W 

and  the  increase  of  entropy  =  — ,  where  W  is  the  work 

z 

done  by  the  gas  in  the  reversible  expansion.  This 
where  v,  v'  are  the  volumes  oi  A,  B. 


32  ENTROPY 

It  may  be  observed 

(i)  that  though  no  external  heat  has  been  absorbed  in 
the  irreversible  process  there  is  an  increase  of  entropy; 

(ii)  that  Thomson's  dissipation  of  energy  in  this  ex- 
periment is  i^o  times  Clausius'  increase  of  entropy  (p.  29). 

Again,  in  the  irreversible  process  of  conduction  of  heat 
where  a  quantity  of  heat  Q  is  conducted  from  A  where  the 
temperature  is  t^  to  B  where  it  is  t^   {t^  >  ^2)5  ^  loses 

entropy  ^ ,  B  gains  ^  and  the  gain  of  entropy  of  the  sys- 

tern  is  Q  (  -  —  ^ ) ,  which  is  positive. 

Thus  it  appears  that  in  natural  processes  there  is  an 
increase  of  entropy,  or  as  Clausius  said  '  the  entropy  of  the 
universe  tends  towards  a  maximum,'  Thomson's  view  that 
available  energy  is  always  lost,  never  gained,  and  Clausius' 
view  that  entropy  is  always  gained,  never  lost,  express  the 
same  natural  principle. 

32.  Irreversible  engine..  It  is  of  interest  to  consider  an 
irreversible  engine  working  between  two  given  tempera- 
tures from  the  points  of  view  of  available  energy  and 
entropy. 

(i)  Thomson.  If  Q^^  is  the  heat  taken  in  by  the  engine 
from  the  source  at  temperature  i^  and  Q^  is  the  heat  given 
out  to  the  refrigerator  at  temperature  t2,  the  efficiency 

,  being  less  than  that  of  a  reversible  one,  is  <  -i— — ^ . 

The  engine  receives  heat  Q^  at  temperature  t^  and 
receives  —  Q^  at  temperature  t^  and  does  work 

If  the  lowest  available  temperature  is  tQ,  the  energy 


or  t  ''^2      ^1 
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available  for  mechanical  work  received  by  the  engine  from 
the  source  and  refrigerator  is 

\  f 2  'l  / 

which  is  positive. 

But  at  the  end  of  the  cycle,  the  engine  is  in  the  same 
condition  as  at  the  beginning.  Hence  the  irreversible  pro- 
cesses occurring  inside  the  engine  (such  as  conduction  of 
heat  from  one  part  to  another,  friction,  and  throttling) 

have  dissipated  ^o  (j^  "~  j^j  of  the  available  energy  re- 
ceived from  the  source  and  refrigerator. 

If  the  engine  were  reversible,  !^  =  !p^  and  there  would 
be  no  dissipation. 

(ii)  Clausius.  The  source  loses  entropy  y^  and  the  re- 

frigerator  gains  entropy  -^  and  the  two  gain  entropy 

-^  —  y^ ) .  The  engine  having  completed  a  cycle  is  in  the 

same  state  as  before  and  its  entropy  is  unchanged.  Thus 
the  whole  system  at  the  end  of  a  cycle  has  gained  entropy 

\k     k 

In  this  case,  too,  Thomson's  dissipation  of  mechanical 
energy  is  equal  to  ^o  times  Clausius'  increase  of  entropy. 

33.  Irreversible  cycle.  These  results  are  easily  extended 
to  the  case  of  any  irreversible  cycle,  where  at  any  stage 
dQ  is  the  heat  taken  in  and  t  is  the  corresponding  tempera- 
ture. 

The  source  and  refrigerator  lose  entropy  S  -^  in  the 

cycle ;  the  engine  is  in  the  same  condition  at  the  end  of  the 
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cycle  as  before,  so  that  its  entropy  is  unchanged.    Hence 

dQ 
the  gain  of  entropy  is  —  S  -— ,  which  is  positive.    [It  has 

V 

been  shown  that  S  -^  <  0  for  an  irreversible  cycle.] 

Again,  the  available  energy  received  by  the  engine  from 
the  source  and  refrigerator  is 


Y.dQ[\-^fj-W, 


where  W  is  the  work  done  in  the  cycle.  The  engine  is  in 
the  same  condition  at  the  end  of  the  cycle  as  before ;  hence 
this  available  energy  has  been  dissipated  in  the  engine. 
Now  Y.dQ  =  W, 

.'.    the  dissipation  of  mechanical  energy  =  —  ^o  ^  ~7~  • 

V 

34.  Entropy  and  probability.  Reference  has  already  been 
made  to  Thomson's  molecular  theory  of  the  dissipation  of 
energy  (1874)^;  in  an  appendix,  he  discusses  the  question 
of  irreversibihty  from  a  new  point  of  view,  depending  on 
the  theory  of  probabiMty. 

He  considers  a  vessel  containing  air,  in  which  oxygen 
and  nitrogen  are  uniformly  diffused  in  the  proportion  of 
1 : 4.  What  is  the  probability  that  a  given  part  of  the  vessel 
equal  in  volume  to  one-fifth  of  the  whole  shall  at  some 
later  time  contain  all  the  oxygen  and  the  remaining  four- 
fifths  all  the  nitrogen?  i.e.  what  is  the  probability  of  the 
process  of  diffusion  of  the  two  gases  being  completely 
reversed  ?  The  result  found  was 

where  p  is  the  probability,  n  the  number  of  molecules  of 
oxygen  and  4?^  the  number  of  molecules  of  nitrogen. 

If  there  were  5  c.c.  of  air,  7^  =  2-7  x  10^^,  the  number  of 
molecules  of  a  gas  per  c.c. 

^  Coll.  Papers,  vol.  v.  p.  11. 
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Now 

log  p  =  8n  log  2  —  5n  log  5  =  n  (13  log  2  —  5), 
-  (-  1-08661)  w, 

.•.     p  =  10-<l-08661)n^ 
^  jQ- 28338  X  10" 

or  p  =  10"^  where  iV  is  a  number  containing  20  figures; 
and  the  index  N  would  increase  in  proportion  to  the  volume 
of  air  taken. 

This  result  means  that  the  probabiUty  of  the  diffusion 
being  reversed  is  so  small  that  it  will  never  be  observed; 
diffusion  is  irreversible. 

35.  This  new  outlook  on  thermodynamics  was  developed 
by  Boltzmann  in  1877^.  Taldng  the  principle  of  Clausius 
that  a  system  tends  to  pass  towards  states  of  greater 
entropy  to  be  also  the  principle  that  a  system  of  molecules 
tends  to  pass  towards  states  of  greater  probabiUty  of  oc- 
currence, he  showed  that  the  entropy  of  a  given  state  of 
a  system  of  molecules  is  proportional  to  the  logarithm  of 
the  probabiUty  of  its  occurrence. 

This  leads  to  the  formula 

where  W  is  the  probabiUty  that  the  energy  of  such  a 
system  has  the  value  E.  This  is  the  equivalent  oi  dQ^tdcji, 
with  R  log  W  as  the  entropy  </>.  The  radiation  formula  of 
Planck'^,  that  the  mean  energy  of  a  vibrator  of  frequency 
V  is  equal  to 

Rt 7 ,  where  «  =  d^  , 

e^  —  1  Ml 

was  deduced  by  the  use  of  this  equation  and  his  now 
famous  concept  of  the  '  quantum '  of  energy  hv. 

1  Vorlesungen  uber  Gas-theorie,  p.  42. 

2  La  Th4mie  du  Bayonneinent  et  Us  Quanta,  Gauthier-Villars,  1912,  p.  104. 
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36.  Adiabatic  change.  In  an  adiabatic  change  the  pro- 
cess is  reversible  and  no  heat  enters  or  leaves  the  system. 
Hence  dQ  =  td^  and  dQ  =  0,  .*.  dQ  =^  0  and  ^  is  constant 
during  the  change. 

The  adiabatics  are  curves  of  constant  entropy. 

37.  Entropy-temperature  diagram  (Willard  Gibbs).  The 
state  of  the  substance  is  represented  by  a  point  whose  co- 


ordinates are  {(f),  t).  The  isothermals  are  lines  parallel  to 
the  cf)  axis  and  the  adiabatics  are  lines  parallel  to  the  t  axis. 

Let  the  substance  pass  from  ^  to  5  by  the  reversible 
path  ADB. 

The  heat  taken  in  is 

ILdQ  ^'Ztd(f>=  f   tdcf>  =  area  ADB  ML, 

J  A 

or  the  area  'under'  ADB. 

So  in  passing  from  5  to  ^  by  the  reversible  path  BCA, 
the  heat  given  out  is  equal  to  the  area  under  ACB. 

Hence  in  the  cycle  ADBCA,  the  heat  taken  in  is  equal 
to  the  difference  of  these  areas  and  is  equal  to  the  area  of 
the  diagram  of  the  cycle. 

Now  by  the  first  law,  dQ  ==  dE  +  dW  and  after  a  cycle, 
E  is  unchanged  so  that  dE  =  0,  .*.  dQ  =  dW,  or  the  heat 
taken  in  is  equal  to  the  mechanical  work  done.  Hence  the 
work  done  in  the  cycle  is  also  equal  to  the  area  of  the 
diagram  of  the  cycle. 
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38.  The  (f)-t  diagram  for  Carnofs  cycle.  The  isothermals 
are  ab,  dc  and  the  adiabatics  are  be,  ad ;  the  diagram  of  the 
cycle  is  a  rectangle. 


a 

h 
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Qi,  the  heat  taken  in  from  the  source,  is  equal  to  the 
area  under  ab,  Q2,  the  heat  given  out  to  the  refrigerator,  is 
equal  to  the  area  under  dc, 

Qi       area  under  ab  _  aL  _  ^^ 
Q2       area  under  dc      dL      t^ ' 

The  (f)-t  diagram  was  first  given  by  Willard  Gibbs 
in  187 31  in  a  memoir  on  the  use  of  graphical  methods  in 
thermodynamics ;  it  has  since  found  important  appUcations 
in  the  study  of  the  steam-engine,  as  Gibbs  foresaw  on 
account  of  the  simple  form  which  Carnot's  cycle  for  a 
perfect  engine  takes  on  the  diagram. 

39.   Calculation  of  entropy.    Consider  a  perfect  gas,  for 

which  dQ  ^  c^dt  +  pdv, 

.'.    td(f)  =  c^dt  -\-  pdv, 

7  /  dt      pdv  ,  „^ 

dcf)  =  Cy  Y  +^~>   ^^^   pv  =  Jit, 

.      ,,  dt  ^    j.dv 

.-.    d(f>  =  c^j  +  R^, 

.'.   4>  ^  ^v  log  t  +  R  log  V  +  C. 

1  Trans.  Connecticut  Acad.  n. ;  Coll.  Papers,  vol.  i.  p.  9. 
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The  value  of  the  constant  C  depends  on  the  volume  and 
temperature  of  the  gas  when  in  the  standard  state  of  zero 
entropy. 

This  result  depends  upon  the  knowledge  of  the  charac- 
teristic equation  of  the  gas  and  of  the  constancy  of  c^  for 
the  gas. 

40.  Callendar^s  steam  tables^.  CaUendar  proposed  a  cha- 
racteristic equation  to  represent  the  behaviour  of  steam  in 
the  range  of  temperature  used  in  practice  (0°  to  250°  C), 
and  by  its  use  calculated  the  entropy,  and  other  thermody- 
namical  quantities,  of  steam  in  that  range.  The  entropy 
per  pound  of  steam  (saturated)  ranges  from  2-17  to  1-47 
Ib.-calories/deg.  C.  between  those  temperatures. 

^  The  Callendar  Steam  Tables.  1915. 


CHAPTER    IV 

THERMODYNAMICS  OF  A  FLUID; 
CHANGE  OF  STATE 


41.  Vapours.  AB  is  the  column  of  mercury  in  a  baro- 
meter with  a  vacuum  above  ^.  If  a  few  drops  of  a  volatile 
liquid,  such  as  ether,  are  inserted  at  B  so 
as  to  rise  up  into  the  vacuum,  they  are 
vaporised  and  the  column  is  depressed 
to  A',  the  pressure  of  the  vapour  being 
measured  by  the  difference  of  level  be-  P  tgA^ 
tween  A  and  A' .  The  introduction  of 
more  ether  leads  to  further  depression  of 
A'  untn  a  stage  is  reached  when  a  drop 
of  ether  on  reaching  the  surface  A'  is  no 
longer  vaporised  and  remains  hquid.  The 
vapour  in  this  state  is  called  'saturated 

vapour';  and  the  pressure  of  the  vapour  is  called  'the 
saturation  vapour  pressure'  or  usually  just  'vapour 
pressure.'  Its  value  for  a  given  fluid  depends  only  upon 
the  temperature  at  which  the  experiment  is  carried  out; 
it  is  found  to  increase  with  the  temperature. 

In  the  earher  stages,  where  fresh  liquid  introduced  was 
vaporised,  the  vapour  was  'unsaturated.' 

All  gases  are  unsaturated  vapours;  such  vapours  ap- 
proximately satisfy  pv  =  Rt,  and  the  more  closely  the 
further  they  are  from  the  point  of  Uquef action;  thus  at 
constant  temperature  if  the  volume  diminishes  the  pressure 
rises. 

42.  Vapours  in  contact  with  their  liquid,  and  therefore 
saturated,  have  the  property  that  at  constant  temperature, 
if  the  volume  changes  the  pressure  remains  constant.  This 
can  be  shown  by  the  following  experiment. 
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Fig.  A  represents  a  barometer  tube  containing  a 
saturated  vapour  in  contact  with  its  liquid.  The  tube  is 
held  in  a  deep  vessel.  If  the  tube  is  now 
raised  to  the  position  in  Fig.  B,  the  level  of 
the  mercury  column  is  unchanged,  so  long 
as  there  is  liquid  remaining  in  contact  with 
the  vapour.  The  volume  of  the  vapour  has 
increased,  but  its  pressure  is  unaltered. 

During  the  passage  from  A  to  B  fresh 
liquid  is  vaporised  to  maintain  the  pressure 
constant;  if  the  tube  were  lowered  again  to 
the  position  A  this  Hquid  would  reappear  by- 
condensation  from  the  vapour. 

43.   Isothermals  of  a  liquid  and  its  vapour.  The  figure 
represents  a  portion  of  an  isothermal  of  a  fluid.   Consider 

p  id 


P 


the  fluid  as  an  unsaturated  vapour  in  the  state  a.  Let  the 
pressure  be  increased  at  constant  temperature.  The  vapour 
contracts  along  the  path  ab,  until  at  6  it  becomes  saturated. 
This  occurs  at  a  definite  pressure  for  a  given  fluid,  the 
pressure  depending  only  upon  the  temperature.  Con- 
densation then  begins  and  the  pressure  remains  constant 
with  decreasing  volume  until  the  whole  becomes  Hquid,  at 
the  state  c.  Along  be  the  substance  is  a  mixture  of  saturated 
vapour  and  liquid  in  varying  proportions.  As  the  pressure 
rises  there  is  only  very  slight  compression  of  the  liquid; 
this  is  shown  by  the  path  cd. 
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X  ^^b-  Vp 


At  any  point  p  of  be  the  liquefaction  is  only  partial ;  let  x,  I  -  x 
be  the  weights  of  liquid  and  vapour  in  unit  mass  of  the  mixture. 

If  Vp ,  vj,,  Vc  are  the  volumes  of  unit  mass  of  the  mixture,  vapour, 
liquid,  then  Vj,  =  xv^  +  {I  -  cr)  vj, 

pb 
Vb  -  Vc       be' 
:.    Ratio  of  weights  of  liquid  and  vapour  is  pb  :  pc. 
Thus  the  point  j9  indicates  the  pressure,  volume,  and  composition 
of  the  mixture. 

44.  Continuity  of  the  liquid  and  gaseous  states  of  a  fluid. 
The  isothermals  of  carbonic  acid  were  first  mapped  out  by 
Andrews^  for  a  considerable  range  of  temperature  and 
pressure.  They  are  of  the  form  shown  in  the  figure. 


abed  is  an  isothermal  of  the  type  considered  above  (§  43). 

The  straight  part  he,  which  corresponds  to  states  of  con- 
densation where  the  fluid  is  a  mixture  of  liquid  and  vapour, 
is  seen  to  shorten  as  the  temperature  rises,  and  for  the 
isothermal  Imn  vanishes.  The  vapour  becomes  Uquid  at  m 
without  condensation ;  so  that  at  m  the  liquid  and  vapour 

1  Phil  Trans.  1869. 
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are  physically  indistinguishable.  The  point  m  was  called 
by  Andrews  the  'critical  point,'  to  which  correspond  a 
'  critical '  temperature,  volume,  and  pressure.  Experiment- 
ally the  critical  point  is  found  when  the  fluid,  partly  vapour 
and  partly  liquid,  suddenly  becomes  imiform  in  appear- 
ance without  any  visible  surface  of  separation. 

The  dotted  curve  divides  the  figure  into  two  regions ;  in 
the  region  inside,  the  fluid  can  exist  as  a  mixture  of  liquid 
and  vapour;  in  the  region  outside  only  either  as  liquid  or 
as  vapoiu".  Thus  in  the  passage  by  any  path  between  two 
states,  condensation  or  vaporisation  can  only  occur  if  the 
path  crosses  the  region  within  the  dotted  ciu?ve.  A  path 
such  as  Tile,  which  does  not  fulfil  this  condition,  would  take 
the  fluid  from  the  gaseous  state  at  h  to  the  liquid  state  at 
^  by  a  continuous  process  throughout  which  the  fluid 
remains  homogeneous. 

45.  Liquefaction  of  gases.  If  a  gas  is  compressed  iso- 
thermally  at  a  temperature  above  the  critical  temperature 
(which  corresponds  to  the  isothermal  Imn)  the  path  would 
be  of  the  type  lis,  which  does  not  cross  the  region  within 
the  dotted  curve,  and  no  condensation  can  occur. 

Thus  a  gas  can  only  be  liquefied  by  pressure  if  it  is  first 
cooled  below  the  critical  temperature,  a  property  predicted 
by  Faraday  in  1826. 

The  following  are  some  critical  temperatures,  and  pres- 
sures: 

Carbonic  acid         31°  C.     72  atmospheres 

Oxygen  -  119°  C.     58 

Nitrogen  -  149°  C.     28 

Hydrogen         -  238°  C.     15 

Helium  -  264°  C. 

46.  Ideal  isothermal  for  a  fluid.  Let  abed  be  a  normal 
isothermal  for  water  and  steam,  for  example. 

It  is  possible  to  compress  steam  beyond  the  state  of 
saturation  without  condensation  occurring,  so  that  the 
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path  66'  is  described,  if  dust  nuclei  which  promote  con- 
densation are  removed. 

It  is  also  possible  with  care  to  heat  water  to  a  tempera- 
ture of  105°  C.  at  atmospheric  pressmre  without  vaporisa- 
tion, which  is  equivalent  to  keeping  it  at  a  lower  pressure 
than  that  at  which  it  would  normally  vaporise  at  that 
temperature,  so  that  the  path  cc'  is  described. 

Both  of  these  states  are  highly  unstable. 

James  Thomson  suggested  that  the  curves  66',  cc'  might, 
if  prolonged,  turn  round  and  join,  forming  an  ideal  iso- 
thermal abfgecd. 

The  portions  bf,  ce  correspond  to  real  changes  of  a  very 
unstable  kind ;  the  portion  cf  would  require  an  increase  of 

p      d\  f 
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pressure  to  produce  an  increase  of  volume,  which  has  not 
been  reahsed  for  any  fluid,  as  such  a  change  would  be 
completely  unstable.  But  if  such  a  continuous  ideal  iso- 
thermal is  drawn  for  a  fluid  below  its  critical  temperature. 
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the  actual  one  abed  can  be  found  by  drawing  the  line  be  at 
such  a  level  of  pressure  that  the  areas  ceg  and  gfb  are  equal. 
Maxwell  showed  this  by  imagining  the  fluid  taken  round 
the  isothermal  cycle  cegfbgc.  Since  dQ  =  dE  +  dW  and 
dQ  =  td(f),  we  have  tdcf)  =  dE  +  dW.  .'.  since  t  is  constant, 
t  (change  of  entropy)  =  change  oi  E  +  work  done. 

At  the  end  of  the  cycle,  the  entropy  and  E  are  unchanged. 
Therefore,  the  work  done  is  zero,  or  the  area  of  the  cycle 
is  zero,  i.e.  the  positive  area  gfb  is  equal  in  magnitude  to 
the  negative  area  eeg. 

By  this  construction,  if  a  set  of  ideal  isothermals  is 
known,  the  saturation  pressure  for  each  one  can  be  found. 

Many  forms  of  characteristic  equation  for  a  fluid  which 
gives  such  a  set  of  ideal  isothermals  have  been  proposed. 
The  first  was  given  by  Van  der  Waals. 

47.  Van  der  Waals'  equation.  This  is  a  characteristic 
equation  proposed  by  Van  der  Waals  in  1873^  for  a  fluid 
under  all  conditions  ranging  from  the  gaseous  to  the  Hquid 
state.  It  accounts,  in  a  remarkable  degree,  for  many  of 
the  most  important  properties  of  fluids. 

The  equation  is  (^  +  -^]  (w  —  6)  =  Rt,  where  a,  b,  R  are 

constants  for  a  given  fluid,  and  was  based  on  the  kinetic 
theory  of  gases.  The  constant  b  cannot  be  much  different 

from  the  liquid  volume;  the  term  —^  represents  the  effect 

on  the  pressure  of  molecular  attractions  resisting  the  ex- 
pansion of  the  gas^. 

If  the  ordinate  y  is  equal  to  the  pressure  'p  and  the 
abscissa  x  is  equal  to  the  volume  v,  the  isothermals  are  the 

curves  [y  +    ,A  [x  —  b)  ^  k,  where  h  is  constant  for  a  given 

isothermal ;  or  v  = r o  • 

X  —  b      x^ 

^  Phys.  Memoirs  of  London  Phys.  Soc.  vol.  i.  pt.  in.   (Translation.) 
^  Jeans'  Dynamical  Theory  of  Gases,  chap.  vi. 
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The  portions  of  these  curves  for  x>  b  are  shown  in  the 
figure. 

y 


Each  has  a  maximum  and  a  minimum,  whose  abscissas 
approach  as  k  increases  until  for  the  curve  c  they  coincide 
at  a  point  of  inflexion  i  on  the  curve  c.  The  curves  below 
c  are  the  ideal  isothermals  of  James  Thomson  and  i  repre- 
sents Andrews'  critical  state.  The  critical  state  then  is 
given  by 

dx        '      dx^        ' 


or 


k 


From  these  and  y 


{X 

-6)2 

k 

{X 

-6)3 

k 

or 


3a 


-;;,  it  follows  that 

x^ 


X  =  3b,   k  = 


Sa 
276' 


y  = 


2762' 
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or  if  Pq,  Vq,  to  are  the  critical  pressure,  volume  and  tempera- 

Po  =  27P'   ""'  ^  ^^'   ^^'  =  2Tb- 

From  the  experiments  of  Regnault,  the  constants  a,b,  R 
were  calculated  for  carbonic  acid ;  the  critical  temperature 
and  pressure  were  foimd  to  be  32°  C.  and  61  atm,,  the 
actual  values  found  by  experiment  being  31°  C.  and 
72  atm.  In  some  other  respects  the  agreement  was  not  so 
good.  For  instance,  experiments  show  that  Vq  is  about 
four  times  the  Hquid  volume,  or  Vq=  4:b. 

Tii 
Also  from   the  above,  -   "  ==|=2-67,  indicating  how 

far  from  the  state  of  a  perfect  gas  the  fluid  is  in  the  critical 
state;  but  experiment  gives  the  value  3-75  for  this  ratio 
(S.  Youngi). 

48.   The    reduced    equation.     If    the    critical    pressure, 
volume  and  temperature  are  taken  as  units,  and  33',  v' ,  t' 
are  any  pressure,  volume  and  temperature  in  terms  of 
those  units,  p  =  PqV' ,  v  =  VqV' ,  t  =  tat'. 
Van  der  Waals'  equation  becomes 
,  _     Rtgt'     _     a 
^°^   ~  Vov'  -  b      z^oV^' 
,    a    _  fSa  a 

^  2762  ^  2fb^s7'^^l)  ~  96 V2' 

,  _     sr ^ 

^  ~  Zv'  -  1      v'2' 

[v'  +  I-2)  (-'  -  i)  =  r ' 
or  dropping  the  dashes 


{v  +  I)  (^ 


\    _    8/ 

\)   —    3''' 


where  the  units  of  measurement  of  p,  v,  t  are  their  critical 
values.  This  is  the  'reduced'  form  of  the  equation  and  the 
values  of  p,  v,  t  are  'reduced'  values  of  the  pressure, 

1  Phil  Mag.  1892. 
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volume,  and  temperature.  The  constants  a,  b,  R  for  a  par- 
ticular fluid  have  disappeared,  and  the  equation  is  the 
same  for  all  fluids. 

Thus  if  two  gases  have  the  same  reduced  pressure  and 
volume,  they  have  the  same  reduced  temperature. 

49.  Boiling  'point  and  pressure.  The  figure  shows  an  iso- 
thermal for  temperature  t;  p,  v,  t  are  reduced  values.  This 

P 


V 

curve  is  the  same  for  all  gases,  its  form  depending  only 
upon  t.  If  the  line  12  is  drawn  parallel  to  the  v  axis  to 
make  the  shaded  areas  equal,  the  positions  of  the  points 
1,  2  will  also  depend  only  upon  t. 

But  2  represents  the  liquid  when  on  the  point  of  boiling. 
Hence  the  reduced  pressure  at  the  boihng  point  depends 
only  upon  t  or,  at  equal  reduced  pressures,  the  reduced 
boiling  points  are  the  same  for  all  fluids. 

This  theoretical  result  was  tested  by  S.  Young ^  who 
found  that  for  the  halogen  derivatives  of  benzene  the 
agreement  was  good,  though  there  were  anomahes  in  the 
behaviour  of  some  of  the  other  fluids  for  which  no '  reduced ' 
equation  could  account. 

50.  Amagafs  experiments  ^.  Amagat  compressed  gases  up 
to  very  high  pressures  and  expressed  his  results  by  curves 
of  which  the  ordinate  y  was  pv,  and  the  abscissa  x  was  p. 


1  Phil  Mag.  1892. 


2  Ann.  Chim.  Phys.  1881  and  C.R.  1888. 
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For  a  perfect  gas,  the  isothermals  pv  =  constant  would 
be  parallel  lines  y  =  constant. 

pv 


Carbonic  acid- 


P 


J^itrogen. 


P 


Hydrogen 


P 


For  carbonic  acid,  nitrogen,  and  hydrogen  Amagat  found 
curves  of  the  form  shown  in  the  figures.  In  the  case  of 
carbonic  acid  and  nitrogen,  the  curves  have  minima  which 
lie  on  the  dotted  curves. 

Van  der  Waals'  equation  accounts  for  these  minima  and 
gives  a  form  for  the  dotted  curve.  Using  the  reduced  form 


i'  +  :;r2K^-5)  =  '^ 


for  an  isothermal,  where  k  =  f ^,  and  writing  y  =  pv,  x 
the  equation  of  an  isothermal  for  an  actual  gas  is 


p> 


or 


y 

3x 

72 


1   +  ^2)1^ 


=  K, 


To  find  the  minimum  point,  we  have 

0,  or 


At  a  minimum  point,  dy/dx 
3  /        a;\       1 

"72  U" 


r 


3V        y^J 


This,  being  independent  of  k,  is  the  curve  on  which  the 
minima  for  the  isothermals  lie. 

It  reduces  to  {9  —  y)  y  =  Qx,  3b  parabola,  shown  as  the 
curve  Obac  on  the  next  page. 
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Thus  the  dotted  curve  found  for  carbonic  acid  would 
correspond  to  part  of  Ob  and  that  for  nitrogen  to  part  of  ab. 

y 


Now  consider  the  isothermal  through  a.   For  this  point 

X  =  0,  y  =  Q,  therefore 

Qi  27 

K  =  9,  or  ^  =  9  or  ^  -  —  =  3-375. 

o  o 

Thus  for  temperatures  above  3-375  of  the  critical  tem- 
perature, the  minima  are  along  the  part  ac,  so  that  there 
are  no  minima  for  positive  values  of  x,  that  is  of  ^.  This 
is  shown  by  Amagat's  diagram  for  hydrogen,  where  the 
temperatures  ranged  from  17°  to  100°  C. ;  for  3-375  of  the 
critical  temperature  for  hydrogen  is  3-375  x  35  abs.  = 
118  abs,  =  —  155°  C,  and  Amagat's  temperatures  are 
high  above  this. 

In  the  case  of  nitrogen  however,  3-375  of  the  critical 
temperature  is  3-375  x  124  abs.  =  418  abs,  =  135°  C.  and 
Amagat's  temperatures,  also  17°  to  100°  C,  are  all  below 
this,  so  that  the  minima  appear  on  the  right  of  the  axis  of  y. 

The  experiments  of  Witkowski^  on  air  at  temperatures 
ranging  from  —  145°  to  100°  C.  showed  the  almost  com- 
plete curve  Oba  of  minima  for  the  isothermals. 

1  Phil.  Mag.  1896. 
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The  theoretical  value  3-375  for  the  reduced  temperature 
of  the  isothermal  passing  through  a  is  of  the  same  order 
as  the  value  found  by  experiment,  which  is  3. 

51.  Other  forms  of  dmracteristic  eqmbtion.  Other  forms 
of  equation  such  as 

V  = r -, w  (Clausius)i; 

a 

'n=  -^e    ^'^  (Dieterici)2; 
^       V  —  o 

p^  --^   Lees^ 

V  -b       tv' 

have  since  then  been  proposed,  to  give  closer  quantitative 

results  than  that  of  Van  der  Waals.  WhUe  Van  der  Waals' 

equation  gives  the  values  31°  C,  61  atm.  for  the  critical 

temperature  and  pressiu-e  of  carbonic  acid,  that  of  Clausius 

^ives  31°  C,  77  atm. ;  the  experimental  result  is  32°,  72  atm. 

Again  the  ratio  Rtjpv  at  the  critical  point  is  found  by 

■experiment  to  be  3-75;  Van  der  Waals'  equation  gives  the 

result  2-67,  but  Dieterici's  equation  the  result  ^e^,  (where 

e  is  the  base  of  logarithms),  or  3-69.    On  the  other  hand 

in  the  theory  of  Amagat's  experiments,  experiment  gives 

the  temperature  corresponding  to  the  point  called  a  as  3 ; 

Van  der  Waals'  equationgives  3-375,  whilst  thatof  Dieterici 

gives  4. 

Lees,  starting  with  the  form 

jp  =  ^^  -  <f>  {p,  V,  t), 

chooses  the  form  of  the  function  </>  so  that  the  equation 
agrees  with  certaui  known  experimental  results ;  the  final 
form  is  that  given  above.  It  gives  the  ratio  Rt/pv  at  the 
critical  point  as  3-75  exactly  and  for  the  Amagat  point  a 
the  temperature  3-11. 

1  Phil.  Mag.  1880.  ^  Ann.  der  Physih,  1901.         ^  phU.  Mag.  1924. 
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In  addition  to  these  equations  which  apply  to  all  values 
of  the  variables,  there  are  others,  such  as  that  of  Callendar 
for  steam  and  that  of  Berthelot  for  low  pressures,  which 
are  intended  to  apply  only  in  a  restricted  range  of  the 
variables.   Callendar's  equation 

Rt      ,       c 

has  been  of  the  greatest  value  in  compiling  tables  of  the 
properties  of  steam  within  the  range  of  temperatures 
usually  employed  in  steam-engines,  the  value  of  n  used 

for  steam  being  —  . 


4-2 


CHAPTER    V 

THERMODYNAMIC  FUNCTIONS 

52.   Internal  Energy  (E). 

Since  dE  ^  dQ  —  dW,  the  increase  of  E  is  equal  to 
(the  heat  taken  in  by  the  substance)  —  (the  work  done 
by  the  substance). 

Consider,  for  instance,  1  lb.  of  water  at  0°  C.  under  a 
pressure  of  300  lb.  per  sq.  in.  and  suppose  it  heated  until 
it  becomes  saturated  steam  at  this  pressure.  (The  boUing 
point  for  this  pressure  is  known  to  be  2 14°- 32  C.)  It  is 
proposed  to  calculate  the  internal  energy  changes  in  this 
process. 

(i)  Change  from  water  at  0°  to  water  at  214°'32. 

dE  =  dQ  —  pdv. 

dQ  is  here  =  218-2  calories,  from  tables,  (the  specific  heat  of 
water  increases  sHghtly  above  1  as  the  temperature  rises). 

(300  X  144)  (-01898  -  -01602)      ,     .  ^n      i     • 

pdv  = -\-r?^ calories  =  -09  calorie. 

-^  1400 

(The  increase  of  volume  is  found  from  tables  of  water,  and 
1400  ft.-lb.  =  1  calorie.) 

.'.   The  increase  of  £^  =  218-11  calories. 

Thus  nearly  aU  the  heat  given  goes  to  increase  the 
internal  energy  of  the  water. 

(ii)   GJiange  from  water  at  214°-32  to  saturated  steam  at 

214°-32. 

dv  =  1-583  —  -019  =  1-564,  from  tables  of  water  and  steam. 

300  X  144  X  1-564       ^^  „^      ,     . 

pdv  = T-TTTTT =  47-23  calories. 

■^  1400 

The  latent  heat  at  that  temperature  is  454-8;  this  is  dQ. 

.'.    Increase  oi  E  =  406-57  calories. 

.'.    The  total  increase  in  (i)  and  (ii)  is  624-68  calories. 
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(Taking  ^  =  0  f or  water  at  0°  C,  the  tables  give  624-67 
as  E  for  saturated  steam  at  300  lb.  pressure.) 

This  illustrates  how  E  for  any  state  of  a  fluid  can  be 
calculated  from  the  heat  received  and  work  done  in  passing 
from  any  standard  state. 

Also  for  a  reversible  change,  dQ  =  dE  +  pdv,  and  dQ  =  td<f>. 
.*.   dE  =  td(f)  —  pdv,  for  a  simple  substance. 

53.  Total  Heat  (/). 
This  is  defined  by  the  equation 
I  ^  E  +  pv. 
(i)  .-.   dl  =  dE  +  pdv  +  vdp 

=  tdcf>  +  vdp. 
Thus  at  constant  volume 

dE  =  tdcf>  =  dQ, 
and  at  constant  pressure 

dl  ===  td(f)  =  dQ. 
.'.  The  increase  of  E  is  the  heat  taken  in  at  constant 
volume;  the  increase  of  /  is  the  heat  taken  in  at  constant 
pressure. 

(ii)  If  a  substance  expands  adiabatically,  dQ  =  0  and 
dl  =  vdp. 

ra 

:.    la  —  lb  =      vdp  =  area  abnm. 


P 


m 

.a 

\ 

^6 

u 

n 
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la  —  lb  is  called  in  engine  theory  the  '  heat  drop '  in 
adiabatic  expansion. 

(iii)  If  a  gas  rushes  through  a  small  orifice  from  a  higher 
pressure  to  a  lower,  the  sides  of  the  containing  vessels  or 
tubes  being  non-conductors  of  heat,  /  is  unaltered. 

wmiijiiiiniiniiuinwiinijniiininiiiiniiih 


Let  the  piston  A  push  a  volume  Vj  of  gas  at  pressure  2?i 
through  the  orifice,  which  becomes  of  volume  v^  at  pressure 
^2  after  passage  [p-^  >  p^)- 

The  work  done  by  A  on  the  gas  is  pxV^  and  the  work 
done  on  B  by  the  gas  is  p^^i^  • 

:.   dW  ^  P2V2  -  PiVi. 
Now  dQ  ^  dE  +  dW,  and  dQ  ^  0  since  no  heat  passes 
through  the  walls  of  the  tube  or  the  pistons. 
.-.   dE-\-dW  =  0. 

:.  {E2  -  E,)  +  {P2V2  -  Piv,)  =  0. 
:.  E2  +  P2V2  =  E^  +piVj^ 


or 


h- 


Such  a  process  is  called  by  engineers  a '  throttling '  process. 

54.    Thermodynamic  potential  at  constant  volume  (iff). 
This  is  defined  by  the  equation 
iP  =  E  -t(f). 
.-.    dijj  =  dE  -  tdcf)  -  (f)dt 
=  —  pdv  —  ^dt. 
Thus  at  constant  temperature 

—  di(f  =  pdv, 
or  the  decrease  of  ifj  is  equal  to  the  work  done  by  the 
substance. 
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Hence  ip  for  any  state  of  the  substance  is  the  work  done 
on  the  substance  in  passing  at  constant  temperature  t  from 
a  standard  state  (for  which  i/j  is  zero)  to  the  actual  one; 
conversely,  ip  measures  the  energy  available  for  mechanical 
work  in  an  isothermal  process. 

55,  The  Thomson  equation  t/j  =  E  +  t  ( ^j  . 

Since  di(f  =  —  pdv  —  cjxlt,  ^  "=  —  <f>  when  v  is  constant ; 

Now  ijj  =  E  —  t(f). 

Therefore  ils  =  E  +  t  (^^  . 

This  equation  was  discovered  by  Thomson^  in  1855  and 
has  become  fundamental  in  chemical  physics  through  the 
wide  and  varied  applications  made  by  Gibbs,  Helmholtz, 
Van  't  Ho£f,  Nernst  and  others. 

The  function  ip  was  reintroduced  in  1875  by  Willard 
Gibbs  as  'the  characteristic  function  at  constant  tem- 
perature' and  by  Helmholtz  as  the  'free  energy';  in  1869, 
Massieu^  had  used  a  function  (characteristic  function), 
which  was  in  effect  —  ipjt,  to  deduce  the  thermodynamical 
properties  of  a  fluid. 

56.  Thermodynamic  potential  at  constant  pressure  (^). 
This  is  defined  by  the  equation 

C  ^  E  -  t(f>  +  pv, 
and  was  used  by  Gibbs  and  (effectively)  Massieu. 
di^  =  dE  —  td(f)  —  (f)dt  +  pdv  +  vdp 
=  vdp  —  (f)dt. 

Hence  in  an  isothermal  change  at  constant  pressure  for 
a  simple  substance,  d^  =  0  and  ^  is  constant. 

1  Coll.  Papers,  vol.  i.  p.  297.  ^  cji_  ^xix.  1869. 
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57.  The  equilibrium  of  a  liquid  in  contact  ivith  its  vapour. 
Let  m,  V,  (/),  E,  t,  p  be  the  mass,  volume  of  unit  mass, 
entropy,  internal  energy  of  unit  mass,  temperature,  pres- 
sure of  the  liquid  and  let  corresponding  dashed  letters  be 
the  same  for  the  vapour.  Let  the  mixture  be  contained  in  a 
heat-proof  envelope  of  constant  volume.  It  is  proposed  to 
find  the  conditions  that  the  mixture  may  be  in  equilibrium. 

By  the  first  law,  dQ  =  dE  +  dW,  and  here  dQ  and  dW 
are  zero,  so  that  E  is  constant  for  the  mixture.  Apply 
the  principle  of  Clausius  that  the  entropy  tends  to  a 
maximum.  Then  since  the  volume,  mass,  internal  energy 
are  constant,  we  have  to  make  mcf)  +  m'^'  a  maximum 
subject  to  mv  +  m'v'  =  constant,  m  +  m'  =  constant,  and 
mE  +  m'E'  =  constant. 

.".   md(f)  +  (l)dm  +  m'dcf)'  +  (f)'dm'  =  0 

mdv  +  vdm  +  m'dv'  +  v'dm'  =  0 

dm  +  dm'=  0 

mdE  +  Edm  +  m'dE'  +  E'dm'  =  0 

Also  dE  =  td(f)  —  pdv. 

.'.   md(f>  +  (f)dm  +  ...  =0 

mdv  +  vdm  +  ...  =  0 

dm  +  ...  =0 

m  {td<j}  —  pdv)  +  Edm  +  ...  =0 

Using  multipliers  A,  ^t,  v,  1  for  the  equations,  adding, 
and  equating  to  zero  the  coefficients  of  the  various  differ- 
entials, we  have 


A  +  i==01       fx-p  =0\       X(/>  +  fxv  -{- V  +  E  =  0) 
Therefore 


X  +  t'  =  0\'    ix-p'  =  0\\    X(f>' +  fxv' +  V  +  E' =  0\ 


^  _^|  and  E  -  t(f>  +  pv  =^  -  V  =  E'  -  t'cf>'  +  p'v' 

or  ^  =  r. 
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Thus  the  liquid  and  the  vapour  must  be  at  the  same 
temperature  and  pressure,  and  the  function  ^  must  be 
the  same  for  both. 

'  It  should  be  noted  that  the  assumption  of  a  rigid,  non- 
conducting envelope  enclosing  the  mixture  involves  no  loss 
of  generality  in  the  result,  for  if  any  mass  is  in  equilibrium 
it  would  be  also  if  the  whole  or  any  part  of  it  were  enclosed 
in  such  an  envelope ;  therefore  the  conditions  of  equilibrium 
of  a  mass  so  enclosed  are  the  general  conditions  which 
must  always  be  satisfied  in  any  case  of  equilibrium '  (Gibbs). 

58.  In  the  theory  of  heat-engines,  the  function  —  ^  is 
usually  denoted  by  G  (after  Gibbs),  so  that  G  =  t(f>  —  I. 
Since  G  is  the  same  for  the  liquid  and  the  vapour  whatever 
their  proportions,  the  constancy  of  G  for  a  wet  mixture 
(steam  and  water)  is  a  property  of  the  greatest  use  in 
calculating  /,  in  terms  of  which  the  efficiency  of  the  cycle 
is  usually  expressed. 

59.  Boundary  curves  on  the  (f)-t  diagram. 

The  water  boundary  curve  indicates  the  entropy  of  water 
at  different  temperatures  when  steam  is  about  to  form; 

t 


Critical    tenvp. 
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the  steam  boundary  curve  indicates  the  entropy  of  satu- 
rated steam  at  different  temperatures  when  steam  is  about 
to  condense. 
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Consider  a  line  of  constant  temperature  ab.  Any  point  p 
on  it  represents  a  state  of  mixtiu'e  of  steam  and  water.  Let 
X  be  the  'dryness'  of  the  steam,  i.e.  the  mass  of  steam  per 
unit  mass  of  the  mixture. 

The  area  under  ab  is  the  heat  to  vaporise  unit  mass  of 
water  and  the  area  under pb  is  the  heat  to  vaporise  {\  —  x) 
of  water  and  these  areas  are  as  ab  :  pb. 

mi       f  1  ab  ap 

iherefore  ~ =  —y   or  x  =  ^  , 

1  —  X      pb  ab 

so  that  the  point  p  indicates  the  'dryness'  of  the  steam. 

60.  Adiabatic  expansion  of  steam.  If  the  steam  is  in  the 
state  p  and  expands  adiabatically,  i.e.  along  pp'  at  con- 
stant entropy  to  the  state  p' ,  the  dryness  a'p'/a'b'  at  the 
new  temperature  can  be  read  off  from  the  diagram. 


CHAPTER    VI 

THE  RANKINE  CYCLE;  REFRIGERATION 

61.    The  Rankine  cycle. 

This  is  a  reversible  cycle  which  represents  the  working 
of  an  ideal  engine  with  the  boiler,  cylinder,  and  condenser 
of  an  actual  engine,  without  the  irreversible  losses  due  to 
conduction,  throttling  and  so  on  which  occur  in  an  actual 
engine. 


Boiler  -z-jT-^- 


-^-^-^  Condenser 


The  figure  is  a  diagram  of  the  engine;  the  p-v  and  ^-t 
diagrams  of  the  cycle  are  given  on  the  next  page.  Suppose 
the  steam  which  enters  the  cylinder  from  the  boiler  to  be 
dry  saturated  steam.  The  cycle  is  as  follows:  a  represents 
the  state  of  water  returned  to  the  boiler  from  the  con- 
denser by  the  feed  pump.  It  is  at  the  temperature  U  of 
the  condenser  and  at  the  pressure  p^  of  the  boiler.  It  is 
now  heated  in  the  boiler  at  constant  pressure  p^  up  to 
temperature  t^  at  which  steam  begins  to  form;  it  is  then 
in  the  state  b.  The  water  is  vaporised  in  the  boiler  at 
temperature  ^  and  pressure  p^;  c  is  its  state  as  dry  satu- 
rated steam.  The  valve  A  admits  the  steam  to  the  cylinder 
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where  it  expands  adiabatically  to  the  state  d  at  which  it 
has  cooled  to  the  temperature  fg  of  the  condenser.  (It  is 
then  a  wet  mixture  whose  dryness  is  estimated  by  the 
position  of  d  relative  to  the  two  '  boundary '  curves  within 
which  it  lies.) 

The  valve  J5  opens  and  admits  the  wet  mixture  to  the 
condenser,  where  it  is  completely  condensed  at  tempera- 
ture ^2  and  pressure  ^g-  This  is  the  state  e.  The  feed  pump 
forces  the  water  into  the  boiler,  which  it  enters  at  tem- 
perature ^2  and  pressure  p^,  the  state  a.  This  completes 
the  cycle. 

(It  should  be  observed  that  ma  is  very  small  compared 
with  mc  in  the  p-v  diagram.  If,  for  instance,  the  tem- 
peratures of  the  boiler  and  condenser  are  200°  and  40°  C, 
ma  is  the  volume  of  1  lb.  of  water  at  40°  C.  and  mc  is  the 
volume  of  1  lb.  of  dry  saturated  steam  at  200°  C. ;  the 
tables  give 

ma      -01614         1      ,      ^  , 
about.) 


mc 


2-0738       128 


62.    Efficiency  of  the  cycle. 

The  heat  is  taken  in  from  the  boiler  at  constant  pres- 
sure along  the  path  abc  and  is  therefore  equal  to  Ic  —  la- 
[§  53,  (i).] 

P 


m 


n 


a  h 


P\ 


P. 


h. 

t^ 

c 

d^ 

/ 

/ 

e 

t2 

d 

<p 


The  work  done  in  the  cycle  is  equal  to  the  area  of  either 
diagram.  Using  the  p-v  diagram,  the  work  done  =  (area 
mcdn)  —  (area  maen).  Now  the  area  mcdn  is  the  heat-drop 
for  the  adiabatic  expansion  cd  and  is  therefore  equal  to 


^W^ 
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Ic  —  Id-  [§  53,  (ii).]  As  to  the  area  maen,  the  curve  ae  is  an 
isothermal  for  water  and  is  nearly  parallel  to  the  axis  of 
p,  so  that  the  figure  is  a  narrow  rectangle.  Neglecting  the 
difference  between  ma  and  ne  and  denoting  each  by  v^g » t^i® 
volume  of  1  lb.  of  water  at  temperature  ^2  at  its  saturation 
pressure  p2,  the  area  maen  =  (pi  —  p^)  v«,2-  (I*  is  assumed 
that  the  volume  of  1  lb.  of  water  at  temperature  4  is  the 
same  for  pressure  p^  as  for  pressure  p^ . ) 
The  work  done  is  therefore 

Ic-Id-  iPl  -P2)^W2' 

Therefore  the  efficiency  is 

Ic-  Id-  JPl-  P2)  ^iVi 
Ic-Ia 

Now  along  the  path  ae,  the  temperature  is  constant 
and  ^2- 

But,  dl  =  td(f)  +  vdp. 

ra 

:.     la-  Ie  =  k  i<f>wa  -  <l>we)  +         ^# 

.  e 

=  h  {i>wa  -  ^we)  +  (area  maew) 

=  k  i(f>wa  -  <f>we)  +  {Pl  -  P2)  Vw2, 

where  <f}^a  is  the  entropy  of  water  in  the  state  a,  (tempera- 
ture t2,  pressure  p^),  and  ^j^g  is  the  entropy  of  water  in 
the  state  e,  (temperature  tz,  pressure  P2). 

Neglecting  this  difference,  just  as  we  neglected  a  corre- 
sponding difference  for  v^ , 

la-  Ie  =  (Pl  -P2)Vv>2' 

Therefore  the  efficiency  of  the  cycle  is 

Ig-  Id-   (Pl  -  Pi)  Vv,2 
Ic-  le-   {Pl   -  P2)  Vw2  ' 

The  term  (^^  —  p^)  Vy,^ ,  the  '  feed-pump '  term,  is  small 
compared  with  /^  —  Id  or  I^  —  Ig,  and  may  be  neglected 
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in  any  but  very  accurate  calculations.    The  efficiency  is 
thus  very  approximately 

Ic-Ig 

Ic-Ie' 

Ic  is  the  total  heat  of  saturated  steam  at  temperature  t^ ; 

Ig  is  the  total  heat  of  water  at  saturation  pressure  at 
temperature  t^ :  these  are  given  in  the  steam  tables. 

/d  is  not  however  directly  given  and  is  found  by  the  use 
of  the  function  G. 

63.    Calculation  of  I^  by  the  use  of  O. 

The  function  G  =  t(f>  —  I  was  shown  to  be  constant  for 
all  states  of  a  steam  mixture  at  constant  temperature  (and 
pressure).  (§§  57,  58.) 


t 


t 


\C 


\  k 


^  steam  houndary 

curve 


Through  c  draw  the  steam  boundary  curve  and  let  ad 
produced  meet  it  in  k.   Then  by  the  above  property  of  G, 

:.  {tcf>-I)^^{tcf>-I),. 

.'.    t2<l>d  —  ld  =  h^k  —  Ik- 

But  <j>^  =  (f>c. 

:.    la  =  Ik  +  ^2  i^c  —  <f>k)- 

Ik  is  the  total  heat  of  saturated  steam  at  temperature  t^; 
(f>c  is  the  entropy  of  saturated  steam  at  temperature  ti ;  and 
(f)f:  is  the  entropy  of  saturated  steam  at  temperature  t^ . 
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All  these  are  given  in  the  steam  tables,  and  I^  can  be 
calculated. 

64.  Calculation  of  the  efficiency  of  a  Ranhine  cycle  with 
the  steam  initially  dry  and  saturated. 

Suppose  the  steam  is  initially  at  200  lb.  pressure  and  it 
is  condensed  at  a  pressure  of  1  lb.  (per  sq.  inch).  The 
steam  tables  give  the  corresponding  temperatures  as 
194°-35C.  and  38°-74C. 

Hence 

t^  =  273-1  +  194-35  =  467-45,    t^  =  311-74  abs. 

i;^2  =  volume  of  1  lb.  of  water  at  saturation  pressure  at 

38°-74  =  -01613  c.  ft. 

.".    (Pi  -  Pi)  ^w2  =  199  X  144  X  -01613  ft.-lb. 

199  X  144  X  -01613      ,     .  oo      i     • 

=  z-~~r calories  ==  -33  calorie. 

1400 

Also  Ic  =  total  heat  of  1  lb.  of  saturated  steam  at  194°- 35 

-  669-69  calories. 

Ij,  =  total  heat  of  1  lb.  of  saturated  steam  at  38°-74 

^  612-46  calories. 

(f)c  =  entropy  of  1  lb.  of  saturated  steam  at  194°- 35 

=  1-5538  calories/deg.  C. 

<f)j,  =  entropy  of  1  lb.  of  saturated  steam  at  38°- 74 

=  2-0067  calories/deg.  C. 

Ig  =  total  heat  of  1  lb.  of  water  at  saturation  pressure 

at  38°-74  =  37-76  calories. 

Now  la  =  Ik  +  k{'i>c-  (f>k) 

-  612-46  +  311-74  (-  -4529) 

-  612-46  -  141-0 
=  471-46. 

/.    I^-  I^=  198-23,  and  1^-1^  =  631-93. 

Therefore  the  efficiency  =  f.qi::qq Tqq 

197-9 


631-6 
=  -313. 
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.,  ^         311-74  ^ 
467-45 


•665  -  -335. 


The  efficiency  of  a  Carnot  cycle  for  these  temperatures 
would  be 

The  Rankine  cycle,  though  reversible,  is  less  efficient  than 
the  Carnot  cycle  because  some  of  the  heat  is  not  taken  in 
at  the  highest  level  of  temperature  ij ,  as  in  Carnot's  cycle. 
Along  ab  when  heat  is  being  taken  in  the  temperature  is 
rising  from  ^2  to  t^. 

65.   The  cycle  with  wet  steam  or  with  superheated  steam. 
If  the  steam  is  wet  or  is  superheated  on  admission  to  the 


c\h 


.\k 


d 


</> 


wet  steam      9        sujjerheated  steam  9 

cylinder,  the  Rankine  cf)-t  diagrams  take  the  forms  shown 
in  the  figures.  The  dotted  line  is  the  steam  boundary  curve. 
Neglecting  the  feed-pump  term,  the  efficiency  is 

Ic-Ia 

in  each  case. 

In  the  former  case,  if  <?  is  the  dryness  of  the  steam  and 
jLj  is  the  latent  heat  at  temperature  t^ 

Ij^  —  Ic^  heat  taken  in  as  the  mixture  passes  from  c  to  h 
=  {l-q)L,. 

Thus  /c  is  found,  from  the  tabulated  value  of  I^ . 

In  the  second  case  I^  is  known  from  the  tables  for  super- 
heated steam. 

In  both  cases  I^  is  found  by  the  use  of  the  property  of 
the  function  G  that  Ga  =  G^,  in  the  same  way  as  before. 
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66.  Molli&r  I-  (f>  diagram.  This  diagram,  in  which  /  and 
(f>  are  the  ordinate  and  abscissa,  is  of  the  utmost  value  in 
practical  work.  In  the  wet  region  between  the  boundary 
curves,  the  lines  of  constant  pressure  and  constant  dryness 
are  drawn,  and  beyond,  in  the  region  of  superheat,  the 
lines  of  constant  pressure  and  of  constant  temperature  are 
shown. 

riT 

Since  dl  =  tdcp  +  vdp,  ^i  =  t,  when  p  is  constant. 

Therefore,  in  the  wet  region,  along  a  line  of  constant 
pressure  (which  is  also  a  line  of  constant  temperature) 
dl/dif)  is  constant;  thus  the  lines  of  constant  pressure  are 
straight  and  their  gradient  is  equal  to  the  temperature. 

On  such  a  diagram,  the  points  a,  b,  c,d  of  a,  Rankine  cycle, 
for  instance,  can  be  readily  plotted;  the  values  of  /  at 
these  points  are  read  off  and  the  efficiency  calculated.  The 
dryness  of  the  steam  at  any  stage  is  also  indicated. 

Another  form  of  diagram  in  which  /,  p  are  the  co- 
ordinates was  also  introduced  by  Mollier  and  is  given  with 
Callendar's  steam  tables  (1915). 

67.  Refrigeration.  If  a  Carnot  engine  is  reversed,  it  takes 
heat  Q2  from  a  cold  body  at  temperature  i^g  and  gives  out 
Qj^  to  a  hot  one  at  temperature  t^,  and  the  excess  of  Q^ 
over  Q2  is  the  work  W  applied  to  the  piston  from  outside 
to  drive  the  engine.  It  is  thus  acting  as  a  refrigerator,  with- 
drawing heat  from  a  cold  substance. 

The  'coefficient  of  performance'  of  the  refrigerator  is 
the  ratio  of  the  cooling  effect  to  the  work  done,  and  is 
therefore 

W   o^   TT^T    ^^   ,        ,  ,  Since  ^=^. 
y^  Q1-Q2  k-  h  h       k 

The  best  effect  is  obtained  when  t^  —  t^  i&  as  small  as 
possible. 

Vapour  compression  m/xchine. 

The  working  substance  is  usually  ammonia  or  carbonic 
acid.   The  piston  rises,  the  valve  B  opens  and  a  cold  wet 
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mixture  of  the  working  substance  and  its  vapour  is  taken 
in  from  R.  The  piston  falls,  B  closes,  and  when  the  adia- 
batic  compression  has  raised  the  pressure  sufficiently,  the 


Condenser] 
C 


RePrifferatinff 
chxvrriber 
R 


ExpOyTision, 
ive 


Cooler  '"^^^ 

(In  the  actual  machine  the  tubes  in  C,  E  are  coils  of  piping.) 

valve  A  opens  and  the  substance,  now  at  a  higher  tem- 
perature, is  discharged  into  C,  kept  cool  by  running  water. 
It  is  still  further  cooled  by  a  '  cooler '  to  a  temperature  not 
much  above  that  in  R.  It  then  passes  the  'expansion 
valve '  when  its  pressure  suddenly  falls  to  that  of  R.  It  then 
evaporates  at  this  low  pressure  and  cools  the  refrigerating 
chamber  by  abstracting  heat  from  it.  The  cycle  is  then 
complete. 

68.   The  <f)-t  diagram  is 

t 


d 


A 


/ 


a 


\k 


<P 
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The  dotted  curves  de,  ck  are  the  liquid  and  vapour 
boundary  curves. 

a  is  the  state  of  the  substance  drawn  into  the  cyhnder 
from  R  as  the  piston  rises, 

ab  is  the  compression  in  the  cylinder, 

bed  the  condensation  in  the  condenser  to  liquid  at  d, 

de  is  the  cooling  of  the  liquid  in  the  cooler,  and 

e/  is  a  curve  of  constant  'total  heat'  representing  the 
throttling  process  at  the  expansion  valve. 

fa  is  the  expansion  in  the  refrigerator. 

The  heat  taken  in  by  the  worldng  substance  is  I^  —  If, 
and  the  heat  given  out  is  Ij,  —  I^,  for  the  stage /a  and  the 
stage  bcde  are  each  conducted  at  constant  pressure.  [§  53  (i) .] 

But  /  is  constant  along  ef.  [§  53  (iii).] 

Therefore  the  heat  taken  in  =  I^  —  le, 
and  the  heat  given  out  =  /j,  —  /^ . 

Therefore  the  work  done  W  is  the  difference,  which  is 
I^  —  la,  the  heat  drop  in  the  cylinder,  as  it  should  be. 

The  coefficient  of  performance  is  therefore  ~ ~  . 

^6  ~  ^a 

la  is  connected  with  ly.  in  the  usual  manner  by  the  use 
of  the  function  O  and  the  result  is  then  calculated  from 
the  tables. 

Or,  the  cycle  can  be  marked  on  a  Mollier  diagram  and 
the  values  of  the  various  /'s  read  off. 
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CHAPTER    Vn 

THERMODYNAMICAL  RELATIONS  FOR 
A  SIMPLE  SUBSTANCE 

69.  The  quantities  p,  v,  t,  (f),  E,  ...  are  functions  of  the 
state  of  the  substance  and  any  two  may  be  taken  as 
independent  variables. 

If  jp,  V  are  used  as  variables,  t  =  f  (j),  v), 

dt  =  7s-  dp  +  ^  dv; 
dp  ov 

a  p,  (f)  are  used  as  variables,  t  =  F  {p,  0), 

7,  ^i       1  ^t        1    I 

^^    =    dp'^P-^^^'^' 

The  values  of  x—  in  the  two  equations  are  different  and 

a  notation  is  necessary  to  distinguish  them ;  the  former  is 

denoted  bv  I  ^^^  I  ,  being  the  value  of  ^^  when  v  is  the  other 
^  \dpj^  ^  dp 

independent  variable ;  the  latter  by  f  ^  j  ,  being  the  value 
of  ^  when  (f>  is  the  other  independent  variable. 

70.  Theorems  on  partial  differentiation. 

(a)  Let  it  be  given  that  dx  =  Ydy  +  Zdz,  where  ic  is  a 
function  of  y  and  z. 

To  prove  this,  we  have 
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\dy). 


and  Z 


\dz)y    ' 


dz\ 
dy).' 


dz  Jy       dydz 

(jS)   If  X,  y,  z  are  connected  by  a  functional  equation  so 
that  each  is  a  function  of  the  other  two,  then 

<''(a-:).-/(i)/ 

and  similar  relations; 

'"'(11(11  (&  =  -'• 

To  prove  these,  we  have 


and 


dz 


<^yj 


Therefore  eliminating  dz, 


tZic  + 


dy 


Now  rfo:,  c?y  are  independent, 
which  is  relation  (i),  and 


\dx)y\dy)^ 


or  using  (i),        (^)   (  ^ 

which  is  relation  (ii). 

71.   MaxwelVs  equations.   We  have  seen  that 
(?^  =  ^6^0  —  pdv, 

dl  =  tdcj>  +  vdp,  (§§  52-56) 

difj  =  —  pdv  —  (f)dt, 
dt,  =  vdp  —  <f>dt. 
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Using  theorem  (a)  §  70,  it  follows  that 

(a-)  =  -  Ci)  \ 

\dvJ4,         ydcf)/^ 

dt),  \dvJt 

^\    _  _  /90\ 
dtjj,  ~       \dp)t  I 

72.   Specific  heat  equations. 

dQ  =  dE  +  pdv,  and  £^  is  a  function  of  two  of  p,  v,  t. 


y  (Maxwell). 


Hence 


,^      dE  ,,      dE  , 
dE  =  ^^dt  +  ^^  dv. 

ot  ov 


Therefore  dQ  is  of  the  form  Pdt  +  Idv,  and  since 
dQ 


dt 


=  c^ ,  (the  specific  heat  at  constant  volume), 


P  =  c^ 
we  may  write 

dQ  =  c^dt  +  Idv. 

dQ  is  not  the  differential  of  a  function  Q  of  the  variables, 
but  it  is  equal  to  tdcf),  where  dcf)  is  the  differential  of  the 
entropy  (j). 

.'.   td(f>  =  c^dt  +  Idv. 


■■■^-<A 


t  i-S)  J  by  Maxwell's  third  equation. 


■■■"^-'j'^Htl 


dv. 


Using  theorem  (a)  §  70,  we  have 


dv\t. 


\1    _  a   '/dp\ 
J   t~^t    [dtj 


or 


lfdc,\    _(djp 
t\dv)t       [dt^ 
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In  a  similar  manner, 

dQ  ^  Cpdt  +  I'dp, 
whence  using  Maxwell's  fom'th  equation 


''  =  - '  '.St 

The  use  of  theorem  (a)  then  leads  to 

t[dpj,       [dty; 

73.  Variation  of  c^  with  volume  at  constant  temperature. 
Kuenen  has  shown  experimentally  that  c„  increases  with  v 
to  a  maximum  and  then  decreases. 


No-  'ifj^^^. 


?io,  ^  \  Tin 


From  Van  der  Waals'  equation,  I  -^  \    =  0  and  therefore 

(  P^  j   =  0,  so  that  c^  =  constant  at  constant  temperature, 

so  that  the  equation  fails  in  this  particular. 
The  maximum  of  c^  corresponds  to 


;ion  gives  a  variati( 
cannot  vanish,  so  that  it  fails  to  disclose  the  maximum. 


t  \ot'j^ 

Dieterici's  equation  gives  a  variation  of  c^  with  v,  but 

\dt'J: 

Lees'  equation,  however,  does  give  a  maximum  in  agreement 
with  Kuenen  for  a  reduced  temperature  near  the  value  2. 


74.   Further  properties  of  the  specific  heats. 
(i)  Since  c^dt  +  Idv  ^  dQ  =^  c^dt  +  I'dp 
(Cj,  —  c^)  dt  =  Idv  —  I'dp. 

.'.   Cp  —  c^  =  I  ^  when  dp  =  0 

.•  c.  -  c.  =  1 1¥\  r!^ 


\dtj^\dtj; 
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(ii)  Now  by  theorem  (/3) 

/dv\   /dp\    _  _  /dv\ 

•*•  \dp)t\di),~  ~\dt); 

Since  increase  of  pressure  leads  to  decrease  of  volume, 

at  constant  temperature,  ( ^  j  is  negative. 

.*.    Cp  —  c^  is  positive,  or  Cj,  >  c„. 

It  also  appears  that  Cj,  =  c„  when  f  ^  j    =0,  i.e.  at  the 

temperature  of  maximum  density,  e.g.  4°  C.  for  water, 
(iii)  Again 

td(f)  =  c^dt  +  Idv  =^  Cj,dt  +  I' dp. 

using  the  values  found  for  I,  V. 
From  these 

»•  when  (f>  is  constant. 


dv  c^x^tj^ 


dt  _  t^  fdv\ 
dp      Cp\dtjp 


dt\    _  _  t^(dp\ 

dt\         t  fdv 
dp 


Therefore  if  y  =  — , 

'dv\    fdt 


dt)  J,  \dv 
opJ4,\dt)^ 

=  _  m  (I)  (|£) 
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""^(lUSI(if)r-'' 


dvj^       gradient  of  an  adiabatic 


m 


''dp\       gradient  of  an  isothermal 

on  the  p-v  diagram. 

Since  y  >  1,  the  adiabatics  are  steeper  than  the  iso- 
thermals,  in  general. 

75.  The  equation  Cp  —  c^  = . 

The  'coefficient  of  expansion'  a  of  the  substance  at 
constant  pressm-e  is  the  increase  of  unit  volume  per  unit 

increase  of  temperature,  which  is 

lfdv> 
v\dt, 

The '  compressibility '  k  of  the  substance  at  constant  tem- 
perature is  the  decrease  of  unit  volume  per  unit  increase 
of  pressure,  which  is  1  /dv' 

v\dpy 
Hence  from  §  74  (ii)  _  vta^ 

K 

While  c^  is  readily  found  by  experiment  and  c„  is  only 
found  with  great  difficulty  directly,  this  formula  is  of  value 
in  determining  c^  from  observed  values  of  c^,.  Rankine 
first  used  this  formula  for  this  purpose  as  also  Nernst  and 
Lindemann^  (1911),  who  for  the  purpose  of  their  work  on 
the  variation  of  Cy  with  temperature,  determined  the  values 
of  Cy  from  those  of  Cj,  for  a  wide  range  of  temperatures. 

76.  As  an  illustration,  take  the  case  of  mercury  at  0°  C. 
By  experiment,  it  is  found  that 

a  =  -000179  per  degree  C. 
K  =  -00000338  per  atmosphere. 
Cj,  =  -0333  heat  units. 

^  Zeits.  fiir  Elektrochem.  1911. 


74 


Also 
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p       13-596  • 
273-1. 


-00000338 
K  =    ^^^-^  per  dyne  per  sq.  cm. 


Cn      c. 


■1013600 


K 

273-1 
13-596 


ergs/deg. 


-000179)^ 


1013600 
•00000338 


calories/deg. 


41-8  X  106 
=  -0046. 
.-.    c^  =  -0333  -  -0046 

=  -0287. 

Thus  ^  =  1-16  for  mercury  at  0°  C,  or  y  =  1-16. 

y  is  greater  for  gases  than  for  solids  and  liquids ;  for  the 
vapour  of  mercury  y  ==  1-33. 

The  formulae  of  this  chapter  have  been  tested  by  the 
experiments  of  Bridgman^  who  for  water,  and  for  many 
other  liquids,  obtained  the  volume  of  one  gram  at  tem- 
peratures and  pressures  ranging  from  0°  to  80°  C.  and 
zero  to  12500  kilograms  per  sq.  cm. 

77.   Calculation  of  E,  (f),  ...  for  a  simple  system. 

dQ  =  dE  +  pdv  and  dQ  =  c^dt  +  Idv,  where  ^  =  M  ^ )  • 
.-.   dE  =  c^dt  +  {I  -  p)  dv 


=  /  {v,  t)dt  +  F  {v,  t)  dv, 
where       /  {v,  t)  =  c^. 


1  Proc.  Amer.  Acad.  Sc.  1912,  1913. 
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Let  E  be  E^  for  the  state  A  {v^,  t^) 

and  E2  for  the  state  B  {v^,  t^). 

Then     E.-E^=^\f{v,t)dt+\    F  {v,  t)  dv. 

J  A  J  A 

The  value  is  the  same  for  all  paths  from  A  to  B. 
Choose  the  path  ALB,  so  that  along  AL,  dv  =  0  and 
along  LB,  dt  =  0. 

Then    E^  -  E^  ^  i  f  {v^,  t)  dt  +  I   F  {v,  Q  dv 

=  [^V  (^1.  t)  dt  +  ^F  {V,  Q  dv. 

These  are  simple  integrals  of  known  functions,  one  with 
respect  to  t  and  the  other  with  respect  to  v.  If  the  state  1 
is  a  standard  state  and  2  any  state,  E  is  determined  for 
all  states. 


CHAPTER    Vm 

THE  JOULE-THOMSON  POROUS  PLUG 
EXPERIMENT! 

78.  Mayer  in  1842  found  a  value  for  the  mechanical 
equivalent  of  heat  based  on  the  assumption  that  when  a 
gas  is  compressed,  the  heat  developed  is  equal  to  the  work 
done  in  the  compression.  To  test  this  hypothesis,  Thomson 
proposed  the  porous  plug  experiment,  by  which  he  and 
Joule  carried  out  a  long  series  of  determinations  from  1852 
to  1862.  Their  results  proved  that  when  air  is  compressed 
at  10°  C.  from  1  to  4-7  atmospheres,  the  heat  evolved 
exceeds  the  work  spent  by  yf^.  For  carbonic  acid  the 
fraction  was  ^V,  while  for  hydrogen  the  heat  evolved  was 
less  than  the  work  spent  by  ^^^. 

Thus  it  appears  that  when  air  is  compressed,  part  of 
the  heat  evolved  comes  from  the  store  of  internal  energy 
of  the  gas. 

The  experiment  consisted  in  pumping  the  gas  to  be 
examined  through  a  pipe,  impervious  to  heat,  plugged  with 
cotton-wool  or  filaments  of  silk,  the  temperature  and 
pressure  of  the  gas  on  each  side  of  the  plug  being  accurately 
noted.  On  account  of  the  resistance  of  the  plug  the  pressure 
of  the  gas  was  considerably  higher  before  the  passage 
through  the  plug  than  after,  so  that  there  was  a  rapid 
expansion  during  the  passage.  The  gas  was  found  to  be 
slightly  cooled  by  its  passage  through  the  plug,  except  in 
the  case  of  hydrogen,  where  a  slight  heating  eflPect  was 
observed. 

The  final  form  of  the  apparatus  used  by  Joule  and 
Thomson  2  is  shown  in  the  figure  appended. 

1  Phil.  Mag.  1852. 

2  Phil  Trans.  1862, 
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The  gas  is  pumped  through  a  coil  of  copper  pipe  immersed  in 
a  bath  of  water  whose  temper atiore  is  measiu-ed  by  the  thermo- 
meter a.  bb  is  the  upper  end  of  the  copper  pipe,  cc  are  two 
perforated  metallic  plates,  between  wliich  is  an  indiarubber  ring 
ee  containing  a  silk  plug  s,  which  can  be  compressed  to  any  desired 
degree  by  pressing  cc  together,  ff  is  a  cork  ring  to  prevent  con- 
duction from  the  laath,  and  cotton-wool  is  loosely  packed  inside 
the  cork  ring.  The  thermometer  h  measures  the  temperature 
when  the  gas  issues  from  the  plug.  The  pressure  of  the  gas  on 
entry  is  measured  by  a  gauge  attached  to  the  copper  coil  and  on 
emergence  the  pressure  is  that  of  the  atmosphere. 

79.  Theory  of  the  experiment.  The  process  is  a  throttling 
process,  so  that  /  is  unchanged  by  the  passage  of  the  gas 
through  the  plug. 

Since 

dl  =  d{E  +  pv)  =  dE  +  pdv  +  vdp  =  dQ  +  vdp, 

dQ  =  Cpdt  +  Vdp  where  ^'  =  "~  M  p7 )  > 


and 


/.    dl  =  Cj,dt  +  \v  —  t  i^\  I  dp. 

■■• ''  (I).  =  *  (I),  -  "■ 

In  this  experiment,  /  is  constant,  so  that  (^j    is  the 
fall  of  temperature  per  unit  fall  of  pressure  under  the 


78      JOULE-THOMSON   POROUS   PLUG   EXPERIMENT 


conditions  of  the  experiment.   This  is  the  measure  of  the 
'cooling  effect,'  which  is  therefore  equal  to 

For  a  perfect  gas,  pv  =  Rt,  and  the  cooUng  effect  is 


1 


tR 

P 


—  V 


which  is  zero.  Thus  for  a  perfect  gas,  Mayer's  assumption 
would  be  exact. 

80.   Calculation  of  the  cooling  effect  for  an  actual  gas.  We 
use  the  reduced  form  of  Van  der  Waals'  equation 


JP  + 


8^ 
3 


The  cooling  effect 


C  =  —  \t 


where  /Cj,  is  the  value  of  Cj,  in  reduced  units  {k^  would  be 
the  heat  required  to  raise  unit  mass  through  a  range  equal 
to  the  critical  temperature,  the  heat  being  measured  in 
work  units  such  that  the  unit  of  work  is  the  product  of 
the  critical  pressure  and  the  critical  volume). 


Now 


p  + 


^^  r       3J  ~  3  \dv)^' 


.C 


t 


dt\ 


(^  +  l)(" 


3       V       v^ 


—  V 


3 

^  -  oT2  + 
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The  denominator  is  positive,  because  it  is  in  fact 
S/dt\ 

which  is  positive  for  all  gases,  since  the  volume  increases 
with  the  temperature  at  constant  pressure. 

Therefore  C  is  positive  if  "^  < o 

9  (2v  -  1) 
or  p<  ~ — 5 -■ 

81.     Inversion  of  the  cooling  effect,    li  p>  -^ — ^ —  , 

the  gas  is  heated  on  passing  the  plug.  Thus  the  '  inversion ' 

9  (2v  —  1) 
of  the  effect  occurs  when  p  =  —^ — ^ ;  any  state  of  the 

gas  for  which  p,  v  satisfy  this  relation  undergoes  no  change 
of  temperature  on  passing  the  plug. 

Inversion  curve.  The  curve  indicating  such  states  of  the 
gas  is  called  an  '  inversion  ciirve ' ;  its  form  is  the  same  for 
all  gases  in  the  reduced  units. 

Using  the  Amagat  coordinates  y  =  pv,  x  =  p,  the  equa- 
tion of  the  inversion  curve  is 

x^  =  9f2^-l 
x^  \    X 

or  2/^  =  9  (%  —  x),  a  parabola. 

The  figure  shows  the  inversion  curve,  from  which  it 

appears  that  inversion  cannot  occur  if  ^  >  9. 

There  is  a  cooling  effect  if  the  state  of  the  gas  is  such 

9  i2v  —  1) 
that  p  <  --^ — ^ or  2/2  <  9  {2y  —  x)  or  9a;  <  18^  —  y^, 

i.e.  if  the  point  representing  the  state  (the  'state-point') 
is  inside  the  curve.  For  state-points  outside,  there  is  a 
heating  effect. 

The  temperatures  of  inversion  are  given  by 

f  =  (y  +  ^.)  ("  -  j' 
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y=pv 


heating 


x=p 


^  =  ^5-55)' 


where 

from  which 

If  P  is  any  point  on  the  inversion  curve, 


f=(-.-r 


V  =  -  =  the  gradient  of  the  hne  OP. 

Now  V  >  \  (since  t  must  be  positive  in  Van  der  Waals' 

equation),  or  -  <  3. 

Therefore  t  increases  as  v  increases,  or  as  the  gradient  of 
OP  increases.  Hence  the  temperature  increases  steadily 
along  the  inversion  curve  as  P  passes  from  O  to  B. 


At  0,  -  =  2  and  at  B,  - 

V  V 


0;  the  corresponding  tem- 


peratures are  therefore  |  and  ^■^-.  This  is  the  possible  range 
of  inversion  temperatures  for  all  values  of  p. 

82.  By  considering  a  constant  pressure  line  abed  for 
states  between  a  and  d,  it  appears  that  for  states  between 
a  and  b  there  is  a  heating  effect,  for  those  between  6  and  c 
a  cooling  effect,  and  for  those  between  c  and  d  a  heating 
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efifect.  The  temperature  is  increasing  from  a  to  d  because 
the  volume  is  increasing  at  constant  pressure.  Thus  there 
are  two  temperatures  of  inversion  for  a  given  pressure ;  as 
the  temperature  increases  through  the  lower  of  these 
ralues  the  change  is  from  a  heating  to  a  cooling  effect,  and 
as  it  increases  through  the  higher  of  these  values  the  change 
is  from  a  cooling  effect  to  a  heating  effect. 

Consider  the  case  of  hydrogen.  The  critical  temperature 
is  35°  (absolute)  and  the  critical  pressure  15  atm.  In  the 
experiments  of  Joule  and  Thomson  the  pressure  used  was^ 
4-7  atm.,  so  that  the  reduced  pressure  p  was  j^^.  The 
equation 

I _?- _^ 

v^      V  9 

gives  the  corresponding  values  of  -  as  1-98  and  -02.   Using 


I' 


H^-ll 


we  find  the  values  of  t  as  -78  and  6-66,  or  27°  abs.  and 
233°  abs.  or  -  246°  C.  and  -  40°  C. 

Hence  below  —  246°  C.  there  would  be  a  heating  effect, 
between  —  246°  C.  and  —  40°  C.  a  cooling  effect,  and  above 
—  40°  C.  a  heating  effect.  Thus  the  heating  effect  observed 
at  ordinary  temperatures  is  accounted  for  by  Van  der 
Waals'  equation. 

For  carbonic  acid,  whose  critical  temperature  is  304° 
(absolute)  and  critical  pressure  72  atm.,  the  inversion 
temperatures  at  the  pressm-e  4-7  atm.  used  by  Joule  and 
Thomson  work  out  to  -  45°  C.  and  1779°  C.  Thus  at 
ordinary  temperatures  there  would  be  a  cooling  effect. 

83.  Deduction  of  the  cJiaracteristic  equation  of  a  gas  from 
observations  of  the  cooling  effect.  Thomson  and  Joule  found ^ 
that  the  cooling  effect  for  air  and  carbonic  acid  varied 
as  l/f^,  within  the  range  of  temperatures  employed  (from 

^  Thomson,  Coll.  Papers,  vol.  i.  p.  428. 
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near  0°  C.  to  near  100°  C);  the  pressure  was  much  the 
same  in  all  the  experiments,  4  to  5  atmospheres,  so  that 
the  cooling  effect  =  ajt^,  where  a  is  constant  for  a  given 
pressure,  and  is  in  general  a  function  of  p. 


'dv\  ca       , 

=  -^ ,  where  c  is  c^ 


\dt)j, 


The  variations  of  c  with  the  state  of  the  gas  are  small 
in  the  range  of  these  experiments  and  these  small  varia- 
tions are  multiplied  by  a  in  the  above  equation;  a  being 
small,  their  effect  is  smaller  still  and  they  may  be  neglected. 
Treating  c  as  constant,  we  have 

9  iv\\    _  ca 

V  _       ca       J 
where  ^  is  a  function  of  p. 

Now  if  a  =  0,  the  gas  is  perfect. 

Rt  A       R  Ri       ca 

:.  V  ^  — .         :.  A  =  -.         :.  V  = ^,. 

p  p  p      st- 

This  is  the  characteristic  equation  of  a  gas  which  would 
give  the  cooling  effect  observed  by  Thomson  and  Joule. 

84.  Reduction  of  the  readings  of  an  air  tJiermometer  to 
the  thermodynamical  scale  and  determination  of  the  thermo- 
dynamic zero  of  ternperature.  The  observations  of  the 
cooling  effect  on  air  in  the  porous  plug  experiment  can  be 
used  to  correct  an  air  thermometer  to  the  absolute 
Thomson  scale. 

The  equation  for  the  cooling  effect  is 
dt       .  fdv^ 
dp 

it  is  based  on  the  absolute  Thomson  scale. 


'"^"'(sl-"' 


or 
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Let  T  be  the  air  thermometer  temperatm^e  corresponding 
to  the  Thomson  temperature  t  and  let  0^,  be  the  specific 
heat  at  constant  pressure  as  determined  by  the  use  of  an 
air  thermometer. 

Then     c    -  ^    (7    -  ^^  •    c    -  C   ^^ 

The  cooling  effect  equation  becomes 

^^  dt  [dTdpJ  ~    [dT)^~dt       ^ 

Now  -  ( 077 )     is  the  coefficient  of  expansion  of  air  as 

dT 
observed  by  an  air  thermometer  and  ^-  is  the  Joule - 
•^  dp 

Thomson  cooling  effect  as  observed  by  an  air  thermometer. 

Observation  of  these  for  various  temperatures  enables 
the  integrand  on  the  right-hand  side  of  the  equation  to  be 
plotted  for  a  given  range  of  temperature  T^  to  Tg  on  the 
air  thermometer  and  the  integral  to  be  found  as  an  area. 

If  Ti  and  T^  are  the  readings  of  an  air  thermometer  at 
the  temperatures  of  melting  ice  and  boiling  water  respec- 
tively, the  ratio  tji^  for  those  temperatvu-es  is  thus  found 
for  the  absolute  scale.  Let  this  ratio  thus  found  be  x,  and 
let  the  interval  between  the  temperatures  of  melting  ice 
and  boiling  water  be  100  divisions  of  the  absolute  scale. 

Then  ^^  =  x  and  h  -  tx  =  100. 

h 

:.  {x  -  1)^1  =  100, 

100 


^1      x-1 


6-2 
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Thus  the  absolute  temperature  of  the  melting  point  of 
ice  is  found.  The  value  is  273*1  degrees  of  the  absolute 
scale.  Hence  the  absolute  zero  of  temperature  is  273-1 
degrees  of  the  absolute  scale  below  the  melting  point  of  ice. 

Again,  if  0°  on  the  air  thermometer  is  the  melting  point 
of  ice,  ,      /    t     \       [^  {fdv\ 


log 


2731 


al^J/^l/ 


for  corresponding  temperatures  t,T;  so  that  the  absolute 
thermodynamic  temperature  t  corresponding  to  any  tem- 
perature T  of  the  air  thermometer  can  be  found. 

85.  Linde's  process  for  tJie  liquefaction  of  air.  This 
process,  used  on  a  commercial  scale  for  the  liquefaction 
of  air,  is  based  upon  the  Joule-Thomson  cooling  efEect 
which  occurs  when  air  is  allowed  to  expand  through  a 
valve  from  a  high  to  a  low  pressure. 

Linde  arranged  for  the  cooled  air  to  pass  out  through  a 
pipe  enclosing  that  of  the  incoming  air,  so  as  to  pass 


Cool 


er 


Z 


1 


II 


/Z  Pump 


mmnR 


Liquid 
air 


0 
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between  the  two  pipes.  In  this  way  the  cooled  air  recovers 
its  former  temperature  and  abstracts  heat  from  the  in- 
coming air. 

The  temperatm'e  of  the  incoming  air  is  let  down  pro- 
gressively (at  compound  interest),  as  the  cooled  air  be- 
comes colder  and  colder,  until  liquefaction  begins,  when 
the  temperature  ceases  to  fall,  and  the  air  steadily 
liquefies. 


CHAPTER    IX 

CLAPEYRON'S  EQUATION;  CLAUSIUS' 
EQUATION 

86.  Vapour  pressure  and  temperature.  It  has  been  shown 
(§57)  that  when  a  liquid  is  in  equilibrium  with  its  vapour, 
they  have  a  common  temperature  and  pressure,  and 
^1  ==  ^2-  Let  the  suffix  1  refer  to  the  liquid  and  the 
suffix  2  to  the  vapour  and  let  T,  P  be  their  common  tem- 
perature and  pressure. 

Then       E^- T<j>^  + Pv^  =  E^- Tcf)^-\- Pv^. 

Now  consider  an  ideal  isothermal  for  the  fluid,  such  as 
a  Van  der  Waals'  isothermal,  corresponding  to  the  above 
temperature  T. 


Draw  the  ordinate  p  =  P  meeting  this  in  the  points  1,  2. 
The  points  1,  2  represent  the  states  of  the  liquid  and 
vapour  in  the  above  equation. 

Let  i/j  =  E  -  tcf). 

Then  dip  =  —  (f)dt  —  pdv. 

Therefore  along  the  isothermal  dt  =  0  and  d^  =  —  pdv. 
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.'.   ^2  -  'Ai  =  -  J  Vdv, 
taken  along  the  isothermal, 

.-.    {E,  -  T^,)  -  {E,  -  Tcf,,)  =  -  r^dv, 

J  Vi 

along  the  isothermal. 

Using  the  first  equation,  we  obtain 

or  the  rectangle   125^  is  equal  to  the  area  under  the 
isothermal  between  1  and  2,  i.e.  the  shaded  areas  are  equal, 
which  is  J.  Thomson's  rule  (§  46). 
Using  the  characteristic  equation 

Rt         a 

P  =  7, — 


dv. 

1\  \ 


0         V 

we  have         P  („,  -  „J  =  j""  (^:?_^^  _  «) 

•    i' (.,-., j^/JT  log  (:^*)  + a  (i-i). 

.,               RT         a        -^        RT         a 
Also  V 2  =  P  = , ^ 

These  three  equations  determine  P,  v^,  v^,  as  functions 
of  T.  In  this  way  the  vapour  pressure  and  densities  of  the 
liquid  and  vapour  are  found  as  functions  of  the  tem- 
perature. 

87.  Clapeyron's  equation.  Let  p  be  the  vapour  pressure 
at  temperature  t.   The  corresponding  points  1,  2  satisfy 

El  -  t(f)i  +  pvj^  =  E2-  t<f)2  +  pv2 

or  ^1  =  ^2- 

For  an  isothermal  whose  temperature  is  i  +  dt, 

^1  +  dCi  -  ^2  +  d^2' 

:.   dli  =  d^2- 


88  clapeyron's  equation 

But  for  a  simple  substance  such  as  the  liquid  or  the 

d^  =  vdp  —  <f)dt. 
.'.   v^dp  —  <j)^dt  =  v^dp  —  <^^dt. 


vapour 


^^l)|-^2-<^l 


Now  let  L  be  the  latent  heat  of  vaporisation  of  the 
liquid  at  temperature  t ;  then  —  =  increase  of  entropy  in 

V 

passing  from  liquid  to  vapour  at  temperature  t. 
dp  _         L 
dt      t  {v^  —  Vi)' 
This  equation,  first  obtained  by  Clapeyron^  from  Carnot's 
theory,  has  been  amply  verified  by  experiment;  it  has 
since  become  of  the  first  importance  in  the  study  of  the 
properties  of  solutions. 

88.   Deduction  of  Clapeyron^s  eqttation  by  the  use  of  a 
Carnot  cycle.  The  figure  shows  two  isothermals  for  a  liquid 

P 


t+dt 


V 


and  its  vapour  for  temperatures  t,t  +  dt.  A'P,  B'Q  are 
adiabatics  through  A',  B'.  Take  the  substance  (mixture 
of  liquid  and  vapour)  round  the  cycle  A'B'QP,  a  Carnot 
cycle.  The  heat  taken  in  along  A'B'  is  L  -\-  dL,  the  latent 
heat  at  temperature  t  +  dt;  the  heat  given  out  along  QP 
is  ultimately  that  given  out  along  BA,  that  is  L. 

1  Jour.  JScoU  Polyt.  xiv.  1834. 
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.'.   =—  =  —   or  tdL  =  Lat. 

t  +  dt        t 

The  work  done  in  the  cycle 

=^{L  +  dL)-L  =  dL  =  L  f . 

This  is  equal  to  the  area  of  the  cycle,  which 
=  {A'B')  dp, 
=  (AB)  dp,  ultimately, 
=  (^2  -  ^i)  dp. 

:.    Lj  =  (Va  -  Vi)  dp. 

dp  L 


dt        t  {V2  —  Vj)  ' 

The  argument  which  has  led  to  this  result  would  apply 
as  well  to  a  solid  in  contact  with  its  own  liquid  {e.g.  ice 
in  contact  with  water);  L  would  be  the  latent  heat  of 
fusion  of  the  solid. 

89.  Effect  of  pressure  on  the  boiling  point  and  the  melting 
point.   For  a  Hquid  and  vapoiu? 

dt  _t  {V2  —  Vj) 
dp~  '      L        ' 

where  t  is  the  boUing  point  at  pressure  p. 

Now  the  volume  of  unit  mass  of  a  liquid  {v^  <  the 

volume  of  unit  mass  of  its  vapour  (v.y),  so  that  r-  is  positive ; 

or  the  boiling  'point  is  raised  by  increase  of  pressure. 
So,  for  a  solid  and  liquid, 

dt  _t  (Va  —  v-i) 
dp~         I        ' 

where  t  is  the  melting  point  and  Va,  v^  refer  to  the  liquid 
and  solid. 

In  the  case'^of  ice  and  water,  the  volume  of  unit  mass 
of  ice  {i\)  >  the  volume  of  unit  mass  of  water  (i'o). 


90  clapeyron's  equation 

dt  . 
.*.    -^  IS  negative: 

dp  ^ 

or  the  melting  point  of  ice  is  lowered  by  pressure. 

90.   Numerical  results. 

(i)   To  find  the  latent  heat  of  water  boiling  at  150°  C. 

The  pressure  needed  for  water  to  boil  at  150°  C.  is 
69-15  lb.  per  sq.  in.  (from  tables). 

^2  =  volume  of  1  lb.  of  saturated  steam  at  150°  C. 

=  6-2895  c.  ft. 

Vj  =  volume  of  1  lb.  of  water  at  150°  C.  =  -0175  c.  ft. 

Now  at  140°  C,  150°  C,  160°  C.  the  pressures  of  satu- 
rated steam  are  52-482,  69-150,  89-800  lb.  per  sq.  in. 

The  change  per  degree  is  1-667  in  the  first  interval 
(140°-150°)  and  is  2-075  in  the  second  (150°-160°). 

Taking  a  mean  of  these,  the  change  per  degree  in  that 
region  is  about  1-87  lb.  per  sq.  in. 

Therefore  dtjdp,  which  is  the  increase  of  temperature 
per  unit  increase  in  lb.  per  sq.  foot  of  the  pressure 
_  1 

~  1-87  X  144" 

Also  <  =  423-1. 

Now     L  =  t  {V2  —  Vj)  -^ 

=  423-1  X  6-272  x  1-87  x  144  ft.-lb.  per  lb. 

423-1  X  6-272  x  1-87  x  144      ,     . 

= r-— -r calories  per  lb. 

1400 

=  510-3. 

The  tables  give  506-6. 

(In  the  above  work,  dt/dp  was  somewhat  roughly  ap- 
proximated to  from  the  steam  tables ;  in  practice  a  graph 
of  the  variation  of  t  with  p  is  available  from  which  the 
value  of  dp/dt  can  be  read  off.) 

(ii)  To  find  the  lowering  of  the  melting  point  of  ice  per 
atmosphere  i^icrease  of  pressure.   Consider  1  gram  of  ice. 
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Vj  =  volume  of  1  gram  of  water  =  1  c.c. 
^2  =  „  „  ice       =  1-09  c.c. 

L  =  79-25  calories  per  gr.  =  79-25  x  (41-8  x  10«)  ergs  per  gr. 

t  =  273-1.  dt  _       -  273-1  X  -09 

dp  ~  79-25  X  41-8  x  10«" 
If  c?^  =  1  atmosphere  =  1013600  djmes  per  sq.  cm. 
_  -  273-1  X  -09  X  1013600 

79-25  X  41-8  X  10^ 
-  -  -00752. 

This  is  the  lowering  of  the  melting  point  per  atmosphere 
and  agrees  with  James  Thomson's  formula,  verified  experi- 
mentally by  W.  Thomson  (p.  3). 

91.  Clausius'  equation.  Using  the  figure  and  notation 
of  §§  86,  87  we  have 

-  =  <^2  -  <^i  • 

d  fL\  _  d(ji2      d(f)i 
"   dt\t)^'dt~~dt' 
dL      L        d(f)2        d(f)i 
•*•   'dt~t^~dr~~dt' 

Now  td(l>2  is  the  heat  taken  in  by  the  fluid  in  the  state  2 
{i.e.  saturated  vapour)  when  its  temperature  rises  by  dt; 
it  is  therefore  the  specific  heat  of  the  saturated  vapour; 
denote  this  by  Cg,  and  denote  the  specific  heat  of  the 
liquid  at  saturation  pressure  by  Cj . 

Then  W-J  =  '^-'^' 

which  is  the  latent  heat  equation  of  Clausius. 

92.  Deduction  of  Clausius^  equation  by  the  use  of  a  cycle. 
The  curves  shown  are  curves  of  equal  pressure  on  the 

^-t  diagram  for  a  liquid  and  its  vapour. 

The  dotted  curves  are  the  liquid  and  vapour  boundary 
curves. 
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Take  the  substance  round  th©  cycle  A'B'BAA' . 
The  heat  taken  in  is 

{L  +  dL)  —  c^dt  —  L  +  Cjdt, 

the  four  terms  corresponding  to  A'B',  B'B,  BA,  AA' . 

This  is  equal  to  the  area  of  the  cycle,  which  is  to  ABNM 
in  the  ratio  dt  :  t. 

But  ABNM  is  the  heat  given  out  along  BA  =  L. 

.'.   Area  of  cycle  =  L  —  . 

.".   dL  —  c^dt  +  c^dt  =  L  — 
dL      L 


93.   The  specific  heat  of  saturated  steam.    This  is  calcu- 
lated by  the  use  of  Clausius'  equation 
dL      L  _ 
dt       t  ~  ""■'      ""'■ 

Consider  saturated  steam  at  100°  C.  and  therefore  atmo- 
spheric pressure. 

The  steam  tables  give  L  at  90°  C,  100°  C,  110°  C.  as 
545-25,  539-30,  533-17  calories  per  lb.,  so  that  L  falls  with 
rising  temperature. 

The  decrease  of  L  per  degree  is  -595  in  the  first  interval 
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and  '613  in  the  second.   Taking  the  mean  as  the  approxi- 
mate value,  the  decrease  of  L  per  degree  at  100°  C.  is  -604. 


Also 


dL 
dt 

-•604 

L 

539-30 

t 

373-1 

=  1-445 


and  Ci  -  1-013  for  water  at  100°  C. 

Therefore   the   specific    heat    of   saturated    steam    at 
100°C.  (c^)  dL      L 


~'''^'dt~  t 


1-445 


=  1-013  -  -604 
=  -  1-036. 
Thus  the  specific  heat  of  steam,  kept  saturated,  is 
negative. 

p 


V 
In  order  to  examine  this  curious  result,  consider  the 
passage  of  steam  from  P  to  P'  along  the  curve  of  satura- 
tion (dotted)  as  its  temperatm-e  rises  from  t  to  t'.  The 
steam  can  be  guided  along  this  path  by  compression  and 
addition  of  heat.  Let  the  work  done  on  the  steam  in 
compression  be  W  and  the  heat  added  be  Q. 

Then  if  E,  E'  are  the  internal  energies  of  the  states  P,  P' , 
E'  -E  ==Q-\-Whj  the  first  law. 

For  two  given  states,  E'  —  E  is  definite  =  k  say. 
.'.   Q+W  =  K. 
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If  W  should  happen  to  be  >  k,  then  Q  is  negative  and 
there  is  a  negative  specific  heat  for  the  change;  ii  W  <  k, 
there  is  a  positive  one, 

94.  Expression  for  the  specific  heat  at  constant  saturation 
in  terms  of  the  specific  heat  at  constant  pressure. 

P 


t+dt 


V 


dQ  =  Cpdt  +  I'dp  where  V  =  —ti^A  . 
For  passage  from  P  to  P'  along  the  curve  of  saturation, 


dQ 

dt 


c«  +  I 


,dp 
dt' 


dp 


where  -^  is  the  value  for  the  curve  of  saturation.   This  is 
dt 


known  to  be 


t{V2 


r  and  —^  is  then  c, 
V,)  dt 


c„      t 


2HV2  -^i)' 


Sdt), 


Vo  -  V-, 


where  i~\  is  the  value  of  (^j  calculated  for  un- 
saturated steam,  with  the  saturation  values  v^,  t,  p  after- 
wards put  in  for  v,  t,  p. 


CHAPTER    X 

EQUILIBRIUM  OF  SYSTEMS; 
THE  PHASE  RULE 

95.  Conditions  of  natural  change  of  a  system. 
Isolated  system.   If  a  system  is  isolated  from  all  external 

influences,  any  natm-al  (i.e.  spontaneous)  change  of  state 
increases  the  entropy,  or  d(f>  >  0. 

96.  Isothermal  change.  In  many  of  the  processes  of 
physical  chemistry  the  system  is  surrounded  by  a  medium 
(air,  the  containing  vessel,  etc.),  the  whole  being  at  a 
common  temperature  t  and  the  medium  so  large  that  the 
changes  of  the  system  have  no  appreciable  effect  on  tem- 
perature of  the  medium. 

If  c/),  cf)Q  are  the  entropies  of  the  system  and  medium, 
then  in  any  natural  change  dcf)  +  dcf)^  >  0,  since  the  two 
form  an  isolated  system. 

Assuming  that  any  transfer  of  heat  dQ  from  the  medium 
to  the  system  can  be  done  reversibly,  then 

t 

But  for  the  system 

dQ  =  dE  +  dW. 

Therefore  td(f>  -  dE  -  dW  >  0, 

or  td(f>  ~dE  >  dW, 

or  d{E  -  t(j>)  <  -  dW, 

since  t  is  constant,  or     dip  <  —  dW, 

where  dW  is  the  work  done  by  the  system  during  the 
isothermal  change. 
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(a)  Isothermal  cJiange  at  constant  volume.  If  the  work 
done  during  the  change  is  zero,  as  for  example,  when  the 
volume  of  the  system  remains  constant,  dip  <  0  is  the 
condition  of  isothermal  change. 

(j8)   Isothermal  change  at  constant  pressure.    If  the  work 
done  is  entirely  due  to  changes  of  volume,  then  the  con- 
dition of  isothermal  change  di/j  <  —  dW  becomes 
dijf  +  pdv  <  0, 

For  an  isothermal  change  at  constant  pressure  this  be- 
comes ,  . , 

d{i/j+  pv)  <  0, 

or  d{E  -t(j)  +  pv)  <  0, 

or  d^  <  0. 

Thus  in  a  natural  isothermal  change  at  constant  volume, 
dip  <  0  and  in  a  natural  isothermal  change  at  constant 
pressure,  d^  <  0. 

It  should  be  observed  that  in  a  natiu-al  isothermal 
process  {i.e.  an  irreversible  one)  dip  <  —  dW  or  dW  <  —  dip, 
or  the  work  done  by  the  system  in  passing  from  a  state  1 
to  a  state  2  is  <  j/tj  —  ip2. 

It  has  been  seen  (§  54)  that  if  the  process  were  reversible, 
the  work  done  =  ^i  —  «/'2-  Thus  the  decrease  of  ip  is  the 
maximum  work  that  the  system  can  do  in  passing  from 
the  first  state  to  the  second. 

97.  Conditions  of  equilibrium  of  a  system.  If  in  any 
virtual  change  8  of  a  system  the  condition  for  an  actual 
natural  change  d  is  not  satisfied,  the  change  cannot  occur 
and  the  system  is  in  stable  equilibrium. 

Thus  if  a  system  at  constant  temperature  and  volume 
is  in  a  state  such  that  any  virtual  change  8  from  that 
state  would  make  8i/r  >  0,  it  is  in  stable  equilibrium,  or 
ip  must  be  a  minimum  for  stable  equihbrium.  So  for  a 
system  at  constant  temperature  and  pressure,  C  niust  be 
a  minimum  for  stable  equilibrium, 

'If  the  system  is  isolated  from  all  external  influences 


EQUILIBRIUM    OF    SIMPLE    SUBSTANCES  97 

and  its  entropy  is  greater  than  in  any  other  state  of  the 
same  energy  (or  its  energy  less  than  in  any  other  state  of 
the  same  entropy)  it  is  iii  stable  equilibrium,  for  any 
natural  change  of  state  must  involve  either  a  decrease  of 
entropy  or  an  increase  of  energy,  which  are  alike  im- 
possible for  an  isolated  system'  (Gibbs). 

98.  Fundamental  equation  of  a  simjple  substance.  Suppose 
the  internal  energy  E  is  known  as  a  function  of  v,  (f>,  so 
that  E  =f{v,  <f>). 

Now  clE  =  td(f)  —  pdv. 

rp,       ,  ,      dE  dE 

ihereiore  ^  ^  ?J,'    P  ~  ~  ~^  ' 

7)TP 
Hence  I  =  E  +  pv  =  E  —  v  ^- , 

iJj  =  E  —  t(f)  =  E  —  (j)  ^-7-  , 

V  T-,         .  /  n  I  ^E  dE 

Thus  t,  p,  I,  ijj,  t,  are  all  deducible  in  terms  of  v,  (f>. 

Such  an  equation  E  =  f  (v,  0)  is  called  a  '  fundamental 
equation'  (Massieu)  for  the  substance,  as  from  it  all  the 
other  thermodynamical  quantities  can  be  found. 

In  a  similar  way,  it  can  be  shown  that  /  =f{p,  <f>),  or 
ifj  =  f  {t,v)  or  ^  =  /  {t,  p)  is  each  a  fundamental  equation. 

99.  Thertnodynamic  surface  for  a  simple  substance. 
WUlard  Gibbs  ^  in  1873  showed  the  great  value  of  the  use 
of  geometrical  figures  in  the  study  of  thermodjniamical 
processes.  He  took  the  values  of  v,  0,  ^  as  the  coordinates 
X,  y,  z  oi  Sb  point  so  that  the  fundamental  equation 
E  =  f  {v,  (f))  became  z  ^  f  {x,  y),  a  surface.  The  various 
parts  of  this  surface  represent  the  solid,  liquid  and  vapour 
states  of  the  substance  and  this  surface  Gibbs  calls  the 
'primitive'  surface. 

1  Sc.  Papers,  vol.  i.  p.  33. 


Since 


we  have 


t  = 


t  = 
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dE       _  _^ 

d(f>'     ^~        dv' 
dz  _       dz 

dy'     ^^  ~dx' 
so  that  the  temperature  and  pressure  are  determined  by 
the  incUnation  of  the  tangent  plane  to  the  planes 
X  =  0,   y  =  0. 
[The  tangent  plane  at  x^y^z^  is 

^"^  -  ""'^  (Do  ^^y~  ^'^  (Do  -  (^  -  ^«) = ^ 

or  (x  -  Xo)  (-  Po)  +  {y  -yo)io-z-Zo  =  0. 

It  is  parallel  to  the  plane  z  =  —  xp^  +  ytQ.] 
From  the  '  primitive '  surface  representing  the  substance 
in  the  homogeneous  state  as  soUd,  Uquid  or  vapour,  Gibbs 
obtained  a  '  derived  surface '  consisting  of  three  developable 
surfaces  representing  states  of  mixture  of  two  of  the  three 
states  solid,  liquid,  vapour,  and  a  triangular  plane  repre- 
senting states  of  mixtiu-e  of  all  three  (see  Gibbs'  Scientific 
Papers,  vol.  i.  pp.  35-38  and  pp.  43-45). 

These  two  surfaces  determine  the  thermodynamical  pro- 
perties of  the  substance  in  all  possible  states  (§  100). 


100.  Geometrical  condition 
of  stability.  Let  the  sub- 
stance be  in  a  state  of 
equilibrium  represented  by 
Pq  and  let  P^  be  another 
state.  Let  a  line  through  P^ 
parallel  to  Oz  meet  the  tan- 
gent plane  to  the  thermo- 
dynamic surface  at  Pq  in  N. 

The  equation  of  the  tan- 
gent plane  is 


z  =  E 


X  zv 


y=<p 


or 


(^  -  ^°)  (Do + ^^ "  ^^^  (Do 

[x  -  Vq)  (-  Po)  +  {y  -  0o)  ^0  - 


-{z-Zo)  =  0 
{z  -  Eo)  =  0, 
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If  Xi,yi,  Zi  are  the  coordinates  of  P^ ,  then  the  z  of  iV  is 
f oimd  by  writing  x  =  x^,  y  =  yi  in  the  equation  of  the 
tangent  plane. 

Therefore  for  N, 

z^Eo  +  {Xi-  Vo)  (-  ^o)  +  (2/1  -  0o)  to 
^Eo  +  (Vi  -  Vo)  (-  po)  +  {(f>i  -  cf>o)  to, 
and  for  Pi  z  ^  E^. 

Therefore 

P^N  =  E^-Eo+jpo  {v^  -  Vo)  -  to  (<^i  -  cf>o) 
=  {Ex  -  to<f>i  +  PoVi)  -  {Eo  -  tocf>o  +  PoVo) 

for  constant  temperature  and  pressure,  po,  to. 

But  the  condition  of  stable  equilibrium  at  constant 
temperature  and  pressure  is  that  ^  is  a  minimum.  Hence 
if  Pq  is  a  state  of  stable  equilibrium,  C  ~  ^o  must  be  >  0  for 
any  state  Pj  near  to  Pq  or  P^N  >  0;  that  is,  the  thermo- 
dynamic surface  must  be  convex  to  the  tangent  plane  at  Pq 
and  above  it. 

Thus  to  find  states  of  equilibrium  under  conditions  of 
constant  temperature  to  and  pressure  po ,  draw  all  tangent 
planes  to  the  surface  (primitive  and  derived)  whose  in- 
clination corresponds  to  to,  po,  i.e.  parallel  to 

z==  -xpo  +  yto. 

The  points  of  contact  will  be  states  of  equihbrium  and  the 
stabihty  will  depend  upon  the  relation  of  the  surface  to 
the  tangent  plane  at  each  point. 

The  other  three  forms  of  fundamental  equation  could 
likewise  be  used  to  give  thermodynamical  surfaces ;  Gibbs 
made  especial  use  of  the  ^-t-p  surface  (see  p.  115  of  his 
Scientific  Papers,  vol.  i). 

101.  Homogeneous  mixtures.  Such  a  mixture  would  be, 
for  example,  gaseous  hydriodic  acid  in  a  state  of  dissocia- 
tion into  hydrogen  and  iodine  vapour;  an  electrolyte  dis- 
sociating in  a  solvent  which  ionises  it;  or  a  mixture  of 

7-2 
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acetic  acid  and  ethyl  alcohol  producing  some  ethyl  acetate 
and  water.  Each  mixture  contains  different  substances  but 
is  physically  and  chemically  homogeneous  throughout. 

The  internal  energy  E  of  the  mixture  is  a  function  of 
^,  V  and  of  the  masses  rrii,  m^,  ... ,  m^  of  the  n  different 
substances  which  compose  it.  Consider  unit  mass  of  the 
mixture,  so  that  Wj  +  W22  +  ...  +  wi„=  1. 

^^      BE  J,      dE  J        dE   ,  dE  J 

80     ^       cv  cm^  om^ 

If  Wj,  w?2,  ...  remain  constant  in  a  change  of  state,  the 
mixture  behaves  as  a  simple  substance  of  constant  com- 
position, for  which  dE  —  td<j)  —  pdv. 

But  when  dm-^,  dwiz,  ...  vanish, 

JE.      ^E  ..      dE  .  ^      dE  dE 

dE  =  ^d<f>  +  ^dv.     :.   t  =  ^^,  -P  =  -^. 

Therefore  for  the  mixture, 

dE  =  tdj>  —  pdv  +  /iiC^Wj  +  (x^dm^  + (1), 

where  ix-,  stands  for  -^ —  ,  and  so  on. 

Thus  /u-i  means  the  increase  of  energy  per  unit  addition 
of  the  substance  1  to  the  system  and  was  called  by  Gibbs 
the  'potential'  of  that  substance. 

102.  Fundamental  equation  for  the  mixture.   Let 

E  =f{v,(f>,mi,m2,  ...  m„) 

where  /  is  a  known  function. 

dE  =  td(fi  —  pdv  +  ixjdmi  +  ... 

_dE        _  _  9^         _  9^ 
•'•    ^""80'  ^~       'dv'   ^^~Fmi'"" 

Thus  the  quantities  t,p,  fXi,  ...  upon  which  it  will  be  seen 
that  the  thermal  and  physical  properties  of  the  mixture 
depend,  are  found. 

103.  Other  formulae.  Since  the  mixture  is  homogeneous, 
it  follows  that  if  m^,  m^,  ...  are  multiplied  in  any  ratio. 


....(2). 
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E,  (f),  V  are  also,  so  that  ^  is  a  homogeneous  function  of  the 
first  degree  in  (f>,  v,  nii,  ...  m,j. 
Therefore  by  Euler's  theorem, 

^      dE  .      dE         BE 

Therefore  E  =  t^  ~  pv  -\-  fx^m-^^  4-  iW'2^2  +  •  • 
Whence      I  =  tcf)  +  /^iWi  +  ..., 

tp  =  -  pv  -{-  fjijmj_  +  ..., 
C  =  /XiWi  +  ... 
Differentiating  the  first  equation  of  (2)  and  using  (1) 

we  have  0  =  <f>dt  -  vdp  +  m^dfx^  + (3). 

From  the  other  equations  of  (2)  we  have,  making  use  of  (3) , 

dl  =  fd(f)  +  vdp  +  i^idmi  +  . . . , 
diff  =  ~  (f)dt  —  pdv  +  {jL^dnix  +  .  • . , 
dt,  =  —  <f)dt  +  vdp  +  fjijdmi  +  — 

These  last  four  equations  correspond  to  four  funda- 
mental equations  connecting  the  variables 

t>P:  /^15  /^2'  •••» 

I,<f>,p,m^,m^,  ..., 
iff,  t,  V,  nil,  ^2j  •••' 
^,t,p,mi,m2,  .... 

104.  Heterogeneous  mixtures.  Between  1875-8,  J. WUlard 
Gibbs  pubHshed  a  remarkable  series  of  memoirs  'On  the 
equihbrium  of  heterogeneous  substances.'  The  immense 
value  of  his  methods  and  results  are  now  fully  recognised 
by  all  who  study  physical  chemistry.  The  'Phase  Rule' 
alone  has  served  to  classify  and  explain  experimental  facts 
which  without  it  would  have  been  a  maze  of  scattered 
detail. 

Gibbs  considers  a  mixture  composed  of  a  certain 
minimum  number  of  independent  substances  called  'com- 
ponents ' ;  the  mixture  consists  of  a  number  of  homogeneous 
portions  called  'phases'  into  each  of  which  any  of  the 
components  may  enter.    Such  a  mixture,  for  example, 
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might  be  a  solution  of  a  non-volatile  salt  in  water  in 
contact  with  the  anhydrous  salt  and  with  water  vapour. 
There  are  two  'components' — the  salt  and  water,  and 
there  are  three  'phases' — the  soUd  salt,  the  solution,  the 
vapour;  each  phase  being  homogeneous. 

105.  Conditions  of  equilibrium  at  constant  temperature 
and  pressure.  Gibbs  first  considered  the  case  where  every 
component  is  present  in  each  phase. 

Let  the  number  of  components  be  n  and  the  number 
of  phases  p. 

Let  Wi'  ...  m„'  be  the  masses  of  the  component  sub- 
stances Sj  ...  Sn,  in  the  first  phase. 

Let  m/'  ...  mj'  be  the  masses  of  the  component  sub- 
stances Sj  . . .  s„ ,  in  the  second  phase. 

Let  mi*  ...  m„*  be  the  masses  of  the  component  sub- 
stances Si  . . .  s„ ,  in  the  pth.  phase. 

Then  since 

dZ,  =  —  <i>dt  +  vdp  +  jjiidmi  +  iu.2^^2  +  •••     (§  1^^) 
for  a  given  phase  (a  homogeneous  mixture),  then  at  con- 
stant temperature  and  pressiu-e, 

di,  =  fx^dm^  +  ix^dm^  -f  ... 

for  a  phase ;  also  jx^  =  d^/dm^ ,  etc. 

In  equilibrium,  ^  is  a  minimum  at  constant  temperature 
and  pressure;  or  rf^  =  0  to  the  first  order. 
Therefore 

0  =      ni'drnj^'  +  ...  +  ixn'dm^'     \ 
+  /x/rfm/  +  ...  +  fin"  dm/     I 


-I-  fi^Hm-^^  4-  ...  +  fJ^n^dm^^ 

The  total  mass  of  each  component  is  given. 
Therefore 

dmi   +  dmj"  +  ...  +  dm^^  =^  ] 


dmn  +  dm^"  -1-  ...  +  dm^^  =  0 


.(2). 
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Multiplying  the  equations  (2)  by  Aj  ...  A„,  adding  them 
to  (1),  and  equating  to  zero  the  coefficients  of  the  various 
differentials,  we  have 

H'l  +  Aj  =  0,  fii"  +  Ai  =  0,  etc. 
M2'  +  A2  =  0,  1x2"  +  A2  =  0,  etc. 
and  so  on. 

Therefore         fx^^'  =  /xj"  =  ...  =  ^u./  ] 

(3). 

/ // jj  I 

H'n  H'n  •••  H'n      J 

Hence  the  potentials  of  the  substance  s^  are  the  same 
in  each  phase,  and  so  for  ^2,  s^,  ...  s^. 

106.  The  phase  rule.  The  composition  of  each  phase  is 
determined  by  the  ratio  of  m^  :  mg :  .  ^ . :  m„  for  the  phase ;  or 
the  composition  of  each  phase  is  expressed  by  {n  —  1) 
variables. 

Hence  there  are^  {n  —  1)  variables  which  determine  the 
composition  of  the  phases;  these,  together  with  the  tem- 
perature and  the  pressure,  make  p  {n  —  1)  +  2  variables 
in  all.  To  determine  these  there  are  the  equations  (3), 
which  are  n  {p  —  1)  in  number.   Hence  there  are 

p  {n  —  I)  -{-  2  —  n  (p  —  1) 

variables  which  are  arbitrary  or  {n  —  p  +  2)  independent 
variables. 

This  result,  that  the  number  of  independent  variables  is 
{n  —  p  +  2),  where  n  is  the  number  of  constituents  and 
p  the  number  of  phases,  constitutes  the  'phase  rule'  of 
Gibbs.  Its  great  value  as  a  guide  in  experimental  work 
was  first  shown  by  the  researches  of  Bakhuis  Roozeboom 
on  heterogeneous  chemical  systems. 

107.  Non-variant  system.  This  is  a  system  for  which 
p  =  n  +  2,  so  that  the  number  of  independent  variables  or 
'degrees  of  freedom'  is  0;  the  phases  can  only  exist  in 
contact  at  a  definite  temperature  and  pressure,  each  phase 
having  a  definite  composition. 


104  THE    PHASE    RULE 

-MoTio-'yanaw^^^/^^em  ('condensed' system).  In  this  case, 
p  =  n  +  I  and  the  number  of  degrees  of  freedom  is  1 ;  the 
temperatm-e,  or  the  pressure,  or  the  composition  of  one  of 
the  phases  is  arbitrary  and  the  rest  are  then  determinate. 
Thus  at  any  given  temperature,  for  instance,  the  pressure 
and  nature  of  the  phases  are  definite. 

Di-variant  system.  Here  p  =  n  and  there  are  2  degrees 
of  freedom;  any  two  of  the  temperature,  pressure  and 
compositions  of  the  phases  are  arbitrary  and  the  rest  de- 
terminate. For  instance,  at  any  given  temperature  and 
any  given  pressure,  the  nature  of  the  phases  is  definite. 

108.    Illustrations  of  the  phase  rule. 

(1)  Ice,  water,  and  water  vapour  in  contact.  There  is  one 
component  substance  and  there  are  three  phases,  solid, 
liquid  and  vapour;  n  =  I,  p  =  3.  The  system  is  non- 
variant  and  the  three  can  only  exist  in  contact  at  a  definite 
temperature  and  a  definite  pressure.  (The  temperature  is 
—  -0074°  C.  and  the  pressure  4-6  mm.)  This  point  is  called 
the  'triple'  point. 

Using  very  high  pressures,  Jammann^  found  three 
crystalline  varieties  of  ice  and  Bridgman^  by  extending 
the  range  of  temperature  and  pressure  has  found  five. 
In  the  latter  case  n  ==  I,  p  ^  1.  The  phase  rule  suggests 
that  actually  p  cannot  exceed  n  +  2,  otherwise  there  would 
be  negative  degrees  of  freedom,  so  that  with  one  com- 
ponent (n  =  1),  p  cannot  actually  exceed  3.  This  agrees 
with  the  observations  of  Jammann  and  Bridgman,  who  in 
no  case  were  able  to  obtain  equihbrium  between  more  than 
three  of  the  possible  phases. 

(2)  Solution  of  common  salt  in  water,  (a)  The  salt  is 
supposed  non-volatile  and  so  does  not  exist  in  the  vapour 
phase.  If  the  water  is  in  excess,  then  there  are  two  com- 
ponents (salt,  water)  and  two  phases  (solution,  vapour), 
or  n  =  2,  p  =  2,  a  di-variant  system.    The  variables  are 

1  Ann.  der  Physik,  1900.  ^  Proc.  Amer.  Acad.  1912. 
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three,  viz.  the  pressure,  temperature,  and  concentration 
of  the  solution  {i.e.  the  ratio  of  the  mass  of  the  salt  to  the 
mass  of  the  water  in  the  solution).  Of  these  any  two  are 
independent,  by  the  phase  rule.  If,  for  example,  they  are 
the  temperature  and  concentration,  then  the  pressure  is 
determinate ;  or,  a  solution  of  any  given  concentration  and 
temperature  has  a  definite  vapour  pressure. 

(6)  As  the  temperature  is  lowered,  a  point  is  reached  at 
which  pure  ice  separates  from  the  solution.  There  are  now 
three  phases  (ice,  solution,  vapour)  or  n  =  2,  p  =  3,  a, 
mono-variant  system.  There  is  only  one  independent 
variable.  If,  for  example,  it  is  taken  to  be  the  temperature, 
the  pressure  and  concentration  are  determinate.  Thus  for 
any  given  temperature,  there  is  definite  concentration  of 
the  solution  and  a  definite  vapour  pressure. 

(c)  At  a  sufiiciently  low  temperature,  the  limit  of  solu- 
bility is  reached,  as  the  concentration  increases  owing  to 
the  separation  of  ice,  and  a  mixture  of  ice  and  salt  crystals, 
called  by  Guthrie^  a  'cryohydrate,'  is  formed.  There  are 
now  four  phases,  ice,  salt  crystals,  solution,  vapour  ;n  =  2, 
p  =  4,  a  non-variant  system,  which  can  only  exist  at  one 
given  temperature  and  pressure,  with  a  definite  concen- 
tration of  the  solution.  For  common  salt  and  water,  this 
temperature  is  —  22°  C.  (cryohydric  point),  the  pressure 
is  -73  mm.  and  the  solution  phase  is  36  parts  of  salt  to 
100  of  water. 

(3)  Freezing  mixtures.  When  ice  and  salt  are  mixed, 
some  of  the  salt  dissolves  in  the  water  adhering  to  the  ice, 
so  that  there  is  salt,  ice,  solution,  and  vapour  in  contact. 
This  system  cannot  be  in  equilibrium  except  at  —  22°  C. ; 
therefore  more  ice  melts  and  the  system  cools  until  this 
temperature  is  reached. 

(4)  Water  and  steam.  Here  n  =  1,  ^  =  2;  the  system  is 
mono-variant.  The  composition  of  each  phase  is  definite ; 
one  is  water  only,  the  other  steam  only.  The  variables  are 

1  Phil.  Mag.  1875. 
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the  temperature  and  pressure,  and  one  of  these  is  inde- 
pendent. Thus  for  any  given  temperature  there  is  a  definite 
vapour  pressure. 

109.  Thermodynamic  surface  for  a  homogeneous  mixture 
of  two  components.  One  of  the  five  types  of  fundamental 
equation  given  in  §  103  for  a  homogeneous  mixture  was  one 
coimecting  the  variables  t„  t,  p,  m^,  ...  m„. 

Thus  for  a  two-component  system  t,  =  F  {t,  p,  m^,  m^  is 
a  fundamental  equation.  If  t,  refers  to  unit  mass  of  the 
mixture,  ?%  -)-  mg  =  1.   Denoting  mj  by  c, 

1  =  F  {t,p,c,\  -  c)  OY  I  ^  f  {t,p,c). 

The  variable  c  is  the  '  concentration '  of  the  first  substance 
in  the  mixture  and  may  vary  from  0  to  1. 

For  experiments  conducted  at  atmospheric  pressure,  p  is 
constant,  so  that  ^  =  f  {t,  c).  If  the  values  of  c,  t,  I,  are 
taken  as  coordinates  x,  y,  z,  this  relation  becomes 

z-=fiy,^), 

a  surface  which  determines  the  properties  of  the  mixture 
at  atmospheric  pressure. 

A  section  of  this  surface  by  the  plane  t  =  t^  is  a,  curve 
whose  projection  on  the  plane  i  =  0  is  of  the  form  i,  =  F  (c). 
By  experiments  conducted  at  temperature  tg  this  relation 
between  ^  and  c  can  be  found  and  the  form  of  this  section 
determined.  The  surface  can  thus  be  built  up  from  ob- 
servations made  over  a  range  of  temperatures. 

110.  Distillation  of  a  mixture  of  two  liquids.  If  the 
liquids  mix  so  as  to  form  a  homogeneous  mixture,  then  in 
the  process  of  distillation  there  are  two  phases  (liquid  and 
vapour)  and  two  components. 

Let  the  ^-c  curve  for  the  Kquid  phase  at  temperature 
t  be  found  and  also  the  ^-c  curve  for  the  vapour  phase 
at  that  temperature.  Draw  the  common  tangent  touching 
the  curves  at  L,  V.  When  the  two  phases  are  in  equili- 
brium the  potentials  of  a  given  component  are  the  same 
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lo: 


C  =  0 


in  both  phases  (§  105).  But  the  potential  /x  =  3^/3m; 
therefore  dt^jdm^  has  the  same  value  in  both  phases;  so 
for  dijdm^ .  But  mj  =  c,  mg  =  1  —  c.  Hence  it  suffices  that 
d^/dc  should  be  the  same  for  both  phases.  But  di,ldc 
is  the  same  for  the  two  curves  at  L  and  V,  being  the 
gradient  of  the  tangent;  therefore  L,  V  represent  co- 
existent states  of  the  two  phases.  The  abscissae  of  L,  V 
give  the  corresponding  concentrations,  thus  determining 
the  composition  of  the  liquid  and  vapour  phases  at  tem- 
perature t. 

This  method,  developed  by  Roozeboom^  and  appKed  by 
him  to  investigate  solid  solutions  (alloys),  is  ultimately 
traceable  to  Gibbs^. 

1  Zeit.  phys.  Chem.  1899. 

-  Trans.  Connecticut  Acad.  1875;  Coll.  Papers,  vol.  i.  p.  120. 


CHAPTER  XI 

OSMOTIC  PRESSURE;  VAPOUR  PRESSURE; 
GAS  MIXTURES 

111.    Osmotic  pressure. 

Cells  of  plants  have  the  property  of  allowing  water  but 
not  dissolved  material  to  pass  through  their  walls.  An 
artificial  cell  of  this  character  can  be  prepared  by  filling 
a  porous  cylinder  with  copper  sulphate  solution  and  im- 
mersing it  in  a  solution  of  potassium  ferrocyanide.  At  the 
middle  of  the  wall  a  fine  membrane  of  precipitated  copper 
ferrocyanide  is  deposited.  Such  a  membrane,  which  behaves 
like  the  cell  wall  of  a  plant,  is  called  a  'semi-permeable' 
membrane. 

In  Pfeffer's  experiments  the  ceU,  closed  at  the  top  and 
connected  to  a  manometer,  was  filled  with  a  solution  of 
cane  sugar,  and  then  immersed  in  water  kept  at  a  constant 
temperature.  Water  entered  the  cell  from  outside,  but  no 
sugar  could  escape,  and  the  pressure  inside  the  cell  rose 
to  a  maximum  value,  the  '  osmotic  pressure '  of  the  solution. 

112.    Osmotic  pressure  and  gas  pressure. 

Pfeffer  found  that  the  osmotic  pressure  is  proportional 
to  the  concentration  of  the  solution  or  to  the  number  of 
gram-molecules  of  sugar  per  unit  volume ;  and  also  that  it 
varies  approximately  as  the  temperature.  Now  for  a  perfect 
gas  p  =  nRt,  where  n  is  the  number  of  gram-molecules  of 
gas  per  unit  volume  and  t  is  the  temperature,  so  that  the 
laws  of  osmotic  pressure  are  the  same  as  the  laws  of  gas 
pressure.  Van  't  Hoff,  assuming  the  relation  p  =  nRt  for 
osmotic  pressure,  proceeded  to  calculate  R  from  Pfeffer's 
data  for  cane  sugar. 

At  temperature  280°  abs.  a  1  per  cent,  solution  of  cane 
sugar  C12H22O11  (molecular  weight  342)  has  an  osmotic 
pressure  of  505  mm.  of  mercury. 
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•*•  V  =  fM  ^  1013600  dynes  per  sq.  cm. 

n  =  number  of  gram-molecules  of  sugar  per  c.c. 
of  solution 

„      505  X  1013600  X  34200       „,  , 
••    ^  = 7601^^80 =^  '^-1  ^  ^^  • 

For  a  gas,  the  constant  i2  =  83-6  x  10^. 

This  remarkable  coincidence  led  to  Van  't  Hoff's^  con- 
clusion that  the  molecules  of  sugar  in  a  dilute  solution 
produce  the  same  pressure  as  they  would  if  they  were 
gaseous  molecules  in  the  same  space. 

Van  't  Hoff  generalised  this  into  a  principle  true  of  aU 
finely  dispersed  material,  where  the  groups  of  molecules 
are  so  far  separated  that  for  the  greater  part  of  their 
motion  they  are  beyond  each  other's  sphere  of  action. 
(A  reasoned  account  of  the  foundations  of  osmotics  is 
given  in  a  paper  by  Larmor,  Phil.  Trans.  1897.) 

113.    Osmotic  pressure  of  gases. 

The  following  experiment  proposed  by  Arrhenius^  and 
carried  out  by  Ramsay^  throws  much  light  on  the  osmotic 
pressure  of  solutions.  H  and 
N    are    equal    vessels    with  ■       j, 

a  palladium  wall  between 
them;  one  is  filled  with 
hydrogen  and  the  other  with 

nitrogen,  both  at  atmospheric  pressure.  When  raised  to  a 
high  temperature  the  palladium  acts  as  a  semi-permeable 
membrane  permitting  the  passage  of  the  hydrogen  but  not 
that  of  the  nitrogen.  When  equilibrium  is  established  and 
the  vessels  allowed  to  cool,  the  vessel  H  is  full  of  hydrogen 
at  \  atmosphere  pressure  and  N  contains  a  mixture  of 
nitrogen  and  hydrogen  at  H  atmospheres  pressure. 

Now  if  n  was  the  number  of  molecules  per  unit  volume 
in  H  and  N  at  the  beginning  (they  would  be  the  same,  by 

1  Phil.  Mag.  1888.  2  Zeit.  phys.  Chem.  1889. 

3  Phil.  Mag.  1894. 
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Avogadro's  law) and  n-y, 71.^,71  were  the  numbers  of  molecules 
per  unit  volume  of  hydrogen  in  H,  of  hydrogen  in  N,  and 
of  nitrogen  in  N  after  the  experiment,  then 

1  atmosphere   =  nRt, 

I  atmosphere   =  n^Rt, 

and  1|  atmospheres  =^  (n  +  Wg)  -^^• 


y       3 


Thus  equilibrium  is  estabUshed  when  the  number  of 
molecules  per  unit  volume  of  the  permeating  gas  is  the 
same  on  the  two  sides  of  the  semi-permeable  diaphragm. 

Again,  the  pressure  due  to  the  nitrogen  after  the  experi- 
ment =  nRt  =  1  atmosphere.  Thus  the  difference  of  pres- 
sure in  H  and  N  is  the  osmotic  pressure  of  the  nitrogen. 
The  hydrogen  and  nitrogen  here  correspond  to  the  water 
and  cane  sugar,  and  the  pressure  of  the  nitrogen  to  the 
osmotic  pressure  in  Pfeffer's  experiment. 


114.    Vapour  pressure  and  osmotic  pressure. 

A  solution  of  a  salt  has  a  lower  vapour  pressure  than 
the  pure  solvent.  Van  't  Hoff^ 
showed  that  the  lowering  of 
vapour  pressure  was  proportional 
to  the  osmotic  pressure  of  the  solu- 
tion. Arrhenius^  has  obtained  this 
result  in  the  following  manner. 

The  long  tube  closed  by  a  semi- 
permeable membrane  A  contains 
sugar  solution.  The  lower  end  is 
immersed  in  a  vessel  of  water  and 
the  whole  is  placed  under  a  cover 
from  which  the  air  is  exhausted. 


^/////////////////77777777} 


1  Zeit.  phys.  Chem.  1887. 
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Let  p  be  the  vapour  pressure  of  water, 

p'  be  the  vapour  pressure  of  the  solution, 
and     P  be  the  osmotic  pressure  of  the  solution. 

The  pressure  at  B  is  p  and  this  is  the  pressure  on  the 
lower  side  of  ^ .  On  the  upper  side  of  ^  in  the  solution  the 
pressiu-e  is  ^  +  P.   The  pressure  in  the  tube  at  C  is  p'. 

From  the  equilibrium  of  the  column  of  solution  AC, 
p  +  P  —  p'  =  ph,  where  p  is  the  weight  per  unit  volume 
of  the  solution  and  h  is  the  height  of  C  above  B. 

From  the  equilibrium  of  the  column  of  vapoiu"  between 
the  levels  of  B  and  C,  p  ~  p'  =  ah,  where  a  is  the  weight 
per  unit  volume  of  the  vapour,  assumed  constant  between 
B  and  G.  ^  -  n'  -\-  P      p 

<T 

or  _^-^  =  e_i 

cr 

or,  as  p/a  is  large,   — — — -,  =  -  very  approximately, 

or  p  —  p  =  -  F. 

P 

115.    Vapour  pressure  and  concentration, 
p  —  p'      aP 

P       ~  PP' 
Now  p  ^  nRt  and  P  =  n'Rt  where  n  is  the  number  of 
molecules  of  vapour  per  unit  volume  and  n'  is  the  number 
of  molecules  of  sugar  per  unit  volume. 

p  —  p'      on' 
p  pn  ' 

Now  if  n"  is  the  number  of  molecules  of  water  per  unit 

(J  7h 

volume,  -  =  — ^ ,  assuming  the  density  o-  of  the  dilute  solu- 
tion equal  to  that  of  water. 

O  72/ 

[The  equation  -  =  — ^  impUes  that  the  solvent  (in  the 

argument,  water)  has  the  same  molecular  weight  in  the 
liquid  and  vapour  states.] 
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.    p  —  p       n 
p  n'' 

per  unit  volume. 


number  of  molecules  of  sugar 
number  of  molecules  of  water ' 


p  —  p 

V 


where  iV^  is  the  number  of  molecules  of  water  in  which 
1  molecule  of  sugar  is  dissolved. 

Thus  the  'relative'  lowering  of  the  vapour  pressure  is 
independent  of  the  nature  of  the  solvent  or  the  substance 
dissolved,  and  depends  only  upon  the  relative  number  of 
their  molecules. 

This  result  was  first  obtained  experimentally  by  Raoult^ 
for  fourteen  different  solvents  and  with  various  dissolved 
substances ;  the  theoretical  deduction  is  due  to  Van  't  Hoff 
and  Arrhenius. 

116.   Boiling  point  of  a  solution. 
P 


The  upper  curve  shows  the  relation  between  pressure 
and  temperature  when  water  is  at  the  boUing  point; 
the  lower  curve  indicates  it  for  the  solution.  The 
ordinate  of  A   is   the   atmospheric   pressure  p   and   the 


1  Zeit.  phys.  Chem.  1888. 


VAPOUR   PRESSURE  113 

abscissa  t  the  boiling  point  of  water.  The  abscissa  t  +  dt 
of  B  is  the  boiling  point  of  the  solution  at  atmospheric 
pressure,  so  that  dt  is  the  rise  of  the  boiling  point  due  tc 
the  presence  of  the  dissolved  substance.  BG  is  the  lowering; 
of  the  vapour  pressure  due  to  the  presence  of  dissolved 
substance  and  is  equal  to  p/N,  in  the  notation  of  the 
preceding  paragraph. 

But  -^  =  ^  for  water  at  the  point  of  vaporisation,  and 

by  Clapeyron's  equation 

dp  _        L 

Tt  ~  {v  -v')t' 

where  L  is  the  latent  heat,  and  v,  v'  refer  to  the  vapour 
and  the  liquid  (water) ;  hence  since  v' jv  is  negligible, 

BC^  _L 

BA~  vt' 

P        ^ 
"   Ndt^  vt' 

NL 

Using  pv  =  JRt  for  the  vapour. 

If  L  is  the  latent  heat  of  vaporisation  of  1  mol  of  water, 
then  R  =  2  calories,  approx.  (§  5),  so  that 

dt  =  .TT^. 

Thus  for  solutions  containing  n  mols  of  the  dissolved 
substance  to  100  mols  of  the  solvent, 

^^  =  X-Ioo' 

dt  =  (-02)  ^^ . 
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This  formula  gives  the  rise  of  the  boiling  point  and  has 
been  verified  experimentally  by  Beckmann^  for  some  ten 
different  solvents. 

117.  Determination  of  molecular  iveight  of  a  dissolved 
substance  from  the  rise  of  the  boiling  point. 

A  numerical  case  will  suffice. 

It  is  found  that  if  1  gram  of  iodine  is  dissolved  in 
50  grams  of  ether,  the  boiling  point  is  raised  by  -167  of 
a  degree. 

For  ether,  the  boiling  point  is  34°- 9  and  the  latent  heat 
per  gram  is  90-45.  The  molecular  weight  of  ether, 
(CA),^  is  74. 

/.    L  =  90-45  X  74. 

.     -02^  ^  J_  (307-9)^     ^ 

•  •      L         50       90-45  X  74 

Therefore  for  ether,  dt  =  n  (-283). 

Now  if  ilf  is  the  molecular  weight  of  the  dissolved  iodine, 
\jM  is  the  number  of  mols  of  iodine  in  the  solution;  also 
50/74  is  the  number  of  mols  of  ether. 

.       1     /SO  /inn 

148       148  X  -283 


M 


n  dt 

and  dt  =  -167. 

_  148  X  -283 
•"•         ~        067 

=  251. 

The  atomic  weight  of  iodine  is  127,  so  that  in  an  ether 
solution  the  molecule  consists  of  two  atoms. 

Observations  on  solutions  of  phosphorus  and  sulphur  in 
carbon  disulphide  show  that  in  the  solution  the  phos- 
phorus molecule  contams  four  atoms  and  the  sulphur 
molecule  eight  atoms. 

1  Zeit.  phys.  Chem.  1889. 
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118.   Freezing  point  of  solutions. 
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i 

FW  is  the  vapour  pressure  curve  for  water, 

and      FI  „  „  „  ice. 

F  is  the  triple  point  for  the  equihbrium  of  ice,  water, 

and  vapour  at  the  same  pressure,  4-6  mm.  {§  108  (1).} 

^yS'  is  the  vapour  pressure  curve  for  the  solution. 

When  the  solution  freezes,  it  is  in  equihbrium  Mdth  the 

ice  that  freezes  out  and  with  the  vapour,  so  that  all  three 

are  at  the  same  pressure.  Therefore  A  is  the  freezing  point 

of  the  solution.    The  lowering  of  the  freezing  point  is 

therefore  AB  {=  dt). 

Let  L  =  the  latent  heat  of  vaporisation  of  1  mol  of  water, 

L'  =  the  latent  heat  of  fusion  of  1  mol  of  ice. 

V  =  the  volume  of  1  mol  of  water  vapour. 

p  =  vapour  pressure  at  i"  or  4  (approx.). 

„      FB      dp  ,     ^,     . 

r«low  -T.   =  ^  tor  the  ice-vapour  curve 


L  +  L' 


by  Clapeyron's  equation,  for  L  +  L' 

is  the  latent  heat  of  vaporisation  of 
1  mol  of  ice,  and  the  volume  of  1  mol 
of  ice  is  neglected  in  comparison 
with  V  the  volume  of  1  mol  of  water 
vapour. 

8—2 
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FB      {L-hL')p 


dt  Rt^ 


,  using  pv  =  Rt  for  the  vapour. 


So  ^-  =  -f  for  the  solution-vapour  curve 
at        dt 

=  -~  for  the  water-vapour  curve,  approx.,  since 

the  solution  is  dilute, 
Lp 
^  W 

From  these  we  have 

L'pdt 
^^  ^    RtF  ' 
But  FC  is  the  lowering  of  the  vapour  pressure  of  the 
solution  and  =  pjN. 

1  ^L'dt 
'■   N  ~  Rt'  ' 

Rt^        2^2 

.*.     dt  =  ^r7Y7 


NL'      NU ' 

Hence  for  a  solution  of  n  mols  of  a  substance  in  100  mols 
of  solvent, 

where  L'  is  the  latent  heat  oi  fusion  of  the  solvent. 

The  measurement  of  the  depression  of  the  freezing  point 
leads  to  the  determination  of  the  molecular  weight  of  the 
dissolved  substance. 

These  methods  of  determining  molecular  weights  have 
been  of  the  greatest  value  in  the  study  of  the  molecule, 
because  before  they  were  discovered,  the  determination  of 
molecular  weights  was  limited  to  cases  where  the  substance 
could  be  vaporised  without  chemical  change. 

119.    Gas  mixtures  and  dilute  solutions. 

In  a  gas  mixture,  Dalton  showed  that  the  pressure  is 
the  same  as  if  each  constituent  exerted  the  pressure  it 
would  if  it  alone  filled  the  whole  volume.   This  property 
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vacuum 
impermeable 


gas  1 


permeable  to  1  only 


gases  1  and,  Z 
permeable  to  2  only 


is  true  also  of  the  entropy.  The  entropy  of  the  mixture 
is  the  sum  of  the  entropies  each  would  have  if  at  the 
same  temperature  it  occupied  the  whole  volume  of  the 
mixture.  This  result  is  due  to  Gibbs^.  It  has  been  proved 
by  Planck  2  in  the  following  way,  by  the  use  of  a  semi- 
permeable membrane,  a  method  which  has  become  an 
important  feature  of  many  theoretical  deductions  in 
physical  chemistry. 

The  cylinder  shown  in  the  figure 
has  four  pistons,  of  which  A,  B  are 
fixed  and  A',  B'  are  movable  but 
with  A'B'  constant  and  equal  to 
AB.  The  nature  of  the  system  is 
described  in  the  figure. 

At  first  let  ^',  ^'  coincide  with  A, 
B,  so  that  the  space  AB  contains 
the  mixture  of  gases  1  and  2.  The 
connected  pistons  A',  B'  are  slowly 
raised  so  that  gas  1  passes  into  the 
space  A  A'  and  gas  2  into  the  space 
BB'  through  the  semi-permeable 
pistons  A,  B'. 

Complete  separation  of  the  two  gases  is  effected  when 
B'  comes  into  contact  with  A. 

To  find  the  work  done  in  this  process,  we  find  the 
pressures  in  the  three  spaces  at  any  stage.  By  the  con- 
ditions of  osmotic  equilibrium  for  gases  (§113)  the  number 
of  molecules  per  unit  volume  of  the  gas  1  is  the  same  (nj) 
on  each  side  of  A  and  the  number  per  unit  volume  of  the 
gas  2  is  (Wg)  on  each  side  of  B'. 

Therefore  the  pressures  in  A' A,  AB',  B'B  are  p^,  'p,  p^ 
where       ^^  _  ^^^^^    ^  =  (i^^  +  n.^)  Rt,    p^  =  nJRt. 

The  total  upward  thrust  on  the  combined  pistons  A',  B' 
(each  taken  of  unit  area)  is 

Px  —  p  -{■  JPi  =  n^Rt  —  (Wi  +  n2)  Rt  +  Wa-R^  =  0. 

1  Coll.  Papers,  vol.  i.  p.  156.  ^  ^ried.  Ann.  1883. 
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Hence  no  work  is  done  in  this  isothermal  process.   The 
internal  energy  of  the  gases  is  a  function  of  the  tem- 
perature only  and  is  therefore  constant.  Now 
dE  =  td<i>  -  dW 

and  since  dE  =  0  and  dW  =  0,  d(f)  ^  0  or  the  entropy  of 
the  system  is  unaltered  by  the  process.  But  at  the  end, 
each  gas  has  the  same  volume  as  the  initial  volume  of  the 
mixture,  so  that  the  theorem  follows. 


120.    The  entropy  of  a  gas  mixture. 

It  has  been  shown  (§  39)  that  for  a  perfect  gas 

(f>  =  c^  log  t  -\-  R  log  V  +  C,  per  mol,  where  R  =  83-Q  x  10^ 


c„  logt  +  R  log  (- j  +  K 


Consider  a  mixture  of  n-^  mols  of  a  first  gas,  n^  of  a 
second,  etc. 

By  the  theorem  of  the  preceding  article,  for  the  mixture 


^ 


c„i  \ogt  +  R  log  —  +  Kj 
Pi 

C,,o  log  ^  +  i^  log h  /Co 


I>2 


+  etc., 

where  Pi,P2,  ...  are  the  pressures  each  gas  would  exert  if 
it  occupied  the  whole  volume,  i.e.  the  'partial'  pressures 
of  Dalton. 

Now  pi  =  tiiRt,  p2  =  n2Rt,  etc.  and  the  pressure  p  of  the 
mixture  is  (Wi  +  Wg  +  •  •  • )  ■^^• 


n. 


where 


n 
Cj  =  ~  ,  the  'concentration'  of  the  gas  1,  etc. 

2j7i 


=  S%    c,,i 


logt  +  Rlog{^]  +  K, 


1) 


for  the  mixture. 
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121.   Increase  of  entropy  due  to  diffusion. 
Before  mixture,  the  total  entropy  was 


"Zn 


i(c,ilog/  +  i^log^  +  /.,)     (2). 


Thus  the  increase  of  entropy  due  to  their  diffusion  into 
a  uniform  mixture  is  the  excess  of  (1)  over  (2),  which  is 

2  (—  n^R  log  Cj) 
=-  2I71.R  log    -~ 

a  positive  quantity.  Thus  the  increase  of  entropy  is  inde- 
pendent of  the  nature  of  the  gases  and  depends  only  upon 
the  numbers  of  molecules  present. 

122.    Thermodynamics  of  a  gas  mixture.  Dissociation. 
Planck^  constructed  the  ^  function  for  a  gas  mixture. 
For  a  mol  of  gas  the  internal  energy  =  cj,  +  h,  where  h 
is  a  constant. 

Therefore  for  the  mixture 


and     <f>  =  Swj 


c,„  log  ^  +  i2  log  — :  +  Ki 


and   pv  =  {rii  +  n^  +  ...)  Rt. 

:.  1  =  E  -t<ji  +  pv 


i)-tl.n^    c,i 


logt  +  R\og-—  +  Kj^ 
HP 


+  Rii:n 


or     ^  =  2% 


c,,i  {t  -  t  log  t)  +  hi  -  Rt  log 


-  K^t  +  Rt  +  Rt  log  Cj 
=  S%  [^1  +  Rt  log  cJ, 
where  each  (/>  is  a  function  of  t,  p  only. 

Thus  C  is  expressed  as  a  function  oit,p,ni,n^, 

This  is  a  fundamental  equation  of  the  Gibbs  l,  f,  p, 
mj,  W2,  ...  type  (§  103)  from  which  aU  the  thermodynamic 

1  Wied.  Ami.  1883, 
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properties  of  the  homogeneous  gas  mixture  can  be  found. 
Planck  proceeds  to  use  the  ^  function,  with  its  minimum 
property,  to  find  a  formula  from  which  the  state  of 
chemical  dissociation  of  a  gaseous  substance  can  be  deter- 
mined for  any  given  temperature  and  pressure. 

123.  Thermodynamics  of  dilute  solutions. 

Planck  1  found  a  I,  function  of  the  same  form  for  dilute 
solutions.  By  its  use  he  deduced  Henry's  law  that  the 
concentration  of  a  dissolved  gas  is  proportional  to  the 
pressure  of  the  gas  on  the  solution;  the  formulae  for  the 
change  of  the  boiling  point  and  freezing  point  in  terms 
of  number  of  molecules  of  dissolved  substance  per  molecule 
of  the  solvent ;  and  the  solution  of  a  number  of  problems 
on  the  state  of  ionisation  of  dissolved  substances. 

124,  Surface  tension  and  temperature. 

The  formula  T  =  Tq{\  —  adY  has  been  shown  by  experi- 
ments on  a  number  of  organic  liquids  to  represent  the 
variation  of  surface  tension  T  of  a  liquid  in  contact  with 
air  and  its  vapour  at  temperature  d°  C.  The  numbers  a,  n 
are  constant  for  a  given  liquid.  For  the  liquids  examined 
a  is  of  order  10~^,  while  n  is  nearly  constant  for  all  the 
liquids,  and  about  equal  to  1-2. 

At  the  critical  temperature,  where  there  is  no  distinction 
between  liquid  and  vapour,  the  surface  tension  must  be 
zero,  so  that  the  critical  temperature  dc  is  given  by 
1  —  adf.  =  0  or  ^c  =  l/*^-  There  is  very  close  agreement 
between  critical  temperatures  found  by  surface  tension 
experiments  which  determine  a  and  thence  6^ ,  and  critical 
temperatures  observed  directly. 

The  Thomson  equation  may  now  be  used  to  connect  the 
energy  per  unit  area  of  the  surface  between  a  liquid  and 
its  vapour  (E)  with  the  surface  tension.  Let  the  area  of  a 
given  portion  of  surface  increase  from  A  to  A  +  dA.  Then 

1  Wied.  Ann.  1887. 
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the  work  done  by  the  surface  tension  =  S  {Tds)  dn  taken 
round  the  perimeter 

=  Tlldsdn 

^TdA 
and  the  increase  of  energy  is  Ed  A. 

The  temperature  being  constant,  the  increase  oiifj  =  the 
work  done  =  TdA  and  the  increase  oi  E  =  Ed  A. 


The  Thomson  equation  is 
where  «/»,  E  may  be  changes  in  ift,  E,  the  equation  being 


linear. 


TdA 

:.  T  =  E  +  t 


Ed  A  +  t 
dT 


dt 


{TdA) 


dt  ' 


an  equation  connecting  surface  tension  and  surface  energy 
at  temperature  t. 

Now  let  the  curve  for  T,  t  be  drawn,  using 

T  =  To  (1  -  ady  and  0  =  ^  -  273-1. 

If  the  tangent  at  any  point  P  meets  OT  in  Q  (p.  122), 
OQ  =  PN  -  LQ  =  PN  -  LP  tan  (f> 

dT 


=  T  -t 


dt 


E. 
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T 

P 
L  ^  ^j' 


Thus  PiV  denotes  T  and  OQ  denotes  E. 

The  actual  curve  for  T,  t  is  shown  below,  and  touches  the 
t  axis  at  the  critical  temperature  t^, . 

If  the  tangent  at  any  point  P  meets  the  T  axis  in  Q 
and  a  parallel  to  the  t  axis  through  Q  meets  NP  in  P', 
P'  is  a  point  on  the  {E,  t)  curve,  which  is  thus  readily- 
drawn,  and  is  indicated  by  the  dotted  line. 


CHAPTER    XII 
THERMOELECTRIC  PHENOMENA 

125.    The  Seebeck,  Peltier,  and  TJiomson  effects. 

In  1821  Seebeck  discovered  that  if  the  ends  of  two 
wires  of  different  metals  are  joined  so  as  to  form  a  closed 
circuit  and  the  junctions  are  maintained  at  different  tem- 
peratures, an  electric  current  passes  round  the  circuit. 

In  1834  Peltier  found  that  when  a  ciu-rent  passes  through 
the  junction  of  two  wires  of  different  metals,  heat  is 
evolved  (or  absorbed)  at  the  junction. 

[The  heat  given  out  per  second  is  proportional  to  the 
current  and  is  Hi,  where  H  is  the  Peltier  coefficient  for 
the  two  metals  at  temperature  t.] 

Both  of  these  effects  are  reversible. 

Thus  the  discovery  of  Peltier  shows  that  in  the  thermo- 
electric circuit  of  Seebeck  heat  is  absorbed  at  the  hot 
junction  and  given  out  at  the  cold  one;  it  appears  that 
the  circuit  develops  electric  power  from  the  heat  reversibly 
like  a  Carnot  engine. 

When  Thomson^  in  1851  applied  the  laws  of  thermo- 
dynamics to  the  thermoelectric  circuit,  he  found  that  if 
the  only  thermal  effect  were  the  Peltier  effect  at  the 
junctions,  then  the  electromotive  force  in  the  circuit  would 
be  subject  to  the  same  law  of  variation  with  the  tem- 
peratures of  the  two  junctions  whatever  be  the  metals  of 
which  it  is  composed.  This  result  being  at  variance  with 
known  facts,  Thomson  concluded  that  '  an  electric  current 
produces  different  thermal  effects,  according  as  it  passes 
from  hot  to  cold,  or  cold  to  hot,  in  the  same  metal.' ^ 

Tliis  evolution  or  absorption  of  heat  when  a  current  passes 
along  a  wire  whose  temperature  varies  from  point  to  point, 
is  the  Thomson  'effect.'  If  P  and  P'  are  consecutive  cross- 
sections  of  a  wire  at  temperatures  t  and  t  +  dt,  and  a  current 

1  Thomson,  Sir  W.,  Coll.  Papers,  vol.  i.  p.  232  et  seq.  1854. 

2  Ibid.  p.  319. 


124       THERMOELECTRIC  PHENOMENA 

i  is  flowing  from  P  towards  P',  the  heat  evolved  per  second 
from  PP'  is  aidt,  where  a  is  the  Thomson  coefficient  of  the 
wire  at  P ;  for  a  given  metal ,  o-  is  a  function  of  the  temperature 
t  only,  for  if  it  depended  on  the  cross-section  of  the  wire  or 
any  other  such  variable  a  current  might  be  maintained  by 
the  application  of  heat  to  a  homogeneous  metallic  wire. 

Thomson  called  a  the  'specific  heat  of  electricity  in  the 
given  metal,'  for  it  is  the  heat  absorbed  by  unit  current 
through  a  rise  of  temperatiu-e  dt  equal  to  unity. 

Since  the  Peltier  and  Thomson  reversible  effects  vary 
directly  as  the  current  and  the  usual  Joule  irreversible 
heat  effect  varies  as  the  square  of  the  current,  the  latter 
is  small  compared  with  the  former  for  the  small  currents 
of  the  thermoelectric  circuit, 

126.    Theory  of  the  thermoelectric  circuit. 
a,  b  are  wires  of  two  different  metals,  t^ ,  t^  the  tempera- 
tures of  the  junctions  {t-^  >  t.^). 

a 


Let  F  be  the  electromotive  force  and  let  a  small  current  i 
pass  round  the  circuit.  Then  (all  the  quantities  being 
estimated  per  second)  the  work  done  is  Vi  and  the  corre- 
sponding heat  comes  from  the  Peltier  and  Thomson  effects. 

Owing  to  the  former,  heat  W^l  is  taken  in  at  the  hot  junc- 
tion and  rig*  given  out  at  the  cold  one,  where  Hj ,  Ila  are  the 
Peltier  coefficients  at  temperatures  t^,  t^  for  the  two  metals. 

Owing  to  the  latter,  the  heat  absorbed  in  a  is       ag_  idt 

[U. 
and  the  heat  given  out  in  6  is       a^  idt. 
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By  the  first  law, 

F  =  Oi  -  n^  +  ['*  (cT,  -  a,)  dt 

■'t2 

'dQ 
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and  by  the  second  law,    -^  =  0  for  the  cycle,  so  that 


t\         h        ■'  t 


0^6 


dt  =  0. 


If  these  equations  are  applied  to  a  thermoelectric  pair, 
whose  junctions  are  at  temperatures  t,t-}-  dt,  and  it  dV 
is  the  electromotive  force,  they  become 

dV  =  dU  +  {oa  -  CTft)  dt  ] 


and 


d 


t 


dVdn 

'■  dt'dt^''" 


(Z^  =  0 


t) 


+    (Zi  cZf        ^ 


or 


or 


n 
t 

(^a  ~  (^b  ^  i 


dV 

dt  ' 

dV 
dt  • 

dW 
dt^ 


Thomson's  conjecture,  based  on  theoretical  reasoning, 
that  there  must  be  reversible  heat  effects  in  the  thermo- 
electric circuit  other  than  the  Peltier  heat  effect,  thus  led 
to  the  formula 

dV 


n  =  t 


dt 


he  says  'it  would  be  important  to  test  the  expression  by 
direct  experiment  and  so  confirm  the  doubtful  part  of  the 
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theory,'  and  he  proceeds  to  indicate  the  lines  on  which 
the  experiments  should  be  carried  out^.  The  formula  has 
since  been  amply  verified. 

127.  Reversible  cell. 

In  the  Volta  cell,  the  elements  are  zinc /dilute  sul- 
phuric acid/ copper.  In  the  normal  action  of  the  cell  zinc 
passes  into  solution  and  hydrogen  separates  at  the  copper 
pole ;  the  current  passes  through  the  cell  from  the  zinc  to 
the  copper.  If  a  current  is  passed  through  the  cell  in  the 
opposite  direction  from  some  external  source,  copper  is 
dissolved  and  hydrogen  liberated  at  the  zinc  pole. 

The  original  state  is  not  restored  when  the  current  is 
reversed ;  the  cell  is  of  an  irreversible  type. 

In  the  Daniell  ceU,  the  elements  are  zinc /zinc  sulphate 
solution /copper  sulphate  solution /copper.  Zinc  is  dis- 
solved in  dilute  acid  and  forms  zinc  sulphate;  copper  is 
deposited  from  the  copper  sulphate  solution;  and  the 
current  passes  through  the  cell  from  the  zinc  to  the  copper. 

When  a  current  is  passed  through  the  cell  in  the  opposite 
direction  the  deposited  copper  redissolves  and  the  zinc  is 
deposited,  so  that  the  original  state  of  the  cell  is  restored ; 
the  ceU  is  of  a  reversible  type. 

128.  The  E.M.F.  of  a  Daniell  cell. 

In  1851,  Thomson 2  calculated  the  e.m.f.  of  a  Daniell 
cell  on  the  assumption  that  the  work  done  by  the  cell  in 
maintaining  the  current  is  equal  to  the  heat  produced  by 
the  chemical  change,  i.e.  by  the  solution  of  zinc  and  the 
deposition  of  an  equivalent  amount  of  copper.  The  rela- 
tion between  the  current  and  the  amount  of  chemical 
change  was  known  from  the  data  of  electrolysis,  and  the 
heat  developed  in  the  chemical  change  was  known  by 
calorimetry.  These  were  sufficient  to  give  the  value  1-086 
volts  as  the  e.m.f.,  which  agreed  closely  with  observed 
values. 

1  Coll.  Papers,  vol.  i.  p.  250. 

2  Ibid.  p.  479. 
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In  this  calculation  there  is  just  the  same  error  as  that 
made  by  Mayer  in  his  determination  of  the  mechanical 
equivalent  of  heat  by  equating  the  work  done  in  com- 
pressing a  gas  to  the  heat  evolved,  and  the  error  was  about 
as  difficult  to  detect;  in  both  cases  the  possibility  of  heat 
being  developed  from  the  internal  energy  of  the  system 
was  overlooked. 

It  is  of  interest  to  recall  that  shortly  after  that  time, 
Thomson  (with  Joule)  had  begun  the  series  of  experiments 
which  cleared  up  the  error  Mayer  had  made;  and  that  in 
his  work  on  the  thermoelectric  circuit  he  had  even  de- 
duced the  necessity  for  local  heat  effects  (the  Thomson 
effect)  in  the  wires,  of  the  kind  which  he  had  omitted  in  his 
theory  of  the  Daniell  cell.  He  must  have  known  it  all  then. 
It  was  not  however  until  some  thirty  years  afterwards 
that  Helmholtz^  gave  the  corrected  theory,  which  follows. 

129.  Theory  of  a  reversible  cell. 

Helmholtz's  formula  was  obtained  by  the  use  of  a 
Carnot  cycle;  it  can  also  be  directly  deduced  from  the 
Thomson  equation 

(In  this  equation  differences  of  ijs  and  E  in  any  two  states 
may  be  used  as  values  of  i/f,  E,  as  the  equation  is  linear.) 
Let  a  charge  e  pass  through  the  cell  and  V  be  the  e.m.f. 
of  the  cell.  The  work  done  by  the  cell  is  Ve  and  this  is 
equal  to  the  diminution  of  ifj,  at  constant  volume. 

.-.    Fe  =  £  +  i|(cF), 

E,  the  decrease  of  the  internal  energy,  is  the  same  as  if 
the  final  state  of  the  cell  had  been  produced  by  direct 
chemical  action.    Therefore  if  A  is  the  heat  of  reaction  of 

^  Sitzungsber.  Berl.  Akad.  1882. 
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the  chemical  changes  which  occur  during  the  passage  of 
unit  charge  at  constant  temperature,  then  E  =  Ae. 


•.    v=X  +  tr-^\    (Helmholtz). 


Thomson  assumed  F  =  A,  and  since  in  the  Daniell  cell, 
( -^]    is  small,  he  found  a  result  agreeing  with  the  known 

value  of  the  e.m.f. 

Helmholtz's  formula  has  been  verified  by  the  experi- 
ments of  Jahn^.  It  should  be  noticed  that  the  volume  of 
the  system  has  been  supposed  constant,  which  is  approxi- 
mately true  for  cells  in  which  gases  are  not  evolved  in  the 
chemical  changes. 

If  n  is  the  sum  of  the  Peltier  effects  at  the  junctions  of 

dV 
the  cell  li^t-jr-  (§   126),  so  that  Helmholtz's  formula 

becomes  F  =  A  -f  E .   This  too  was  verified  by  Jahn^. 

1  Wied.  Ann.  1886.  ^  i^i^^.  Ann.  1888  and  1893. 


CHAPTER    XIII 

GAS  THEORY  AND  VARIATION  OF  SPECIFIC 
HEAT  WITH  TEMPERATURE 

130.  Elements  of  gas  theory. 

A  gas  consists  of  a  large  number  of  molecules  moving 
with  large  velocities.  For  the  greater  part  of  its  path,  each 
molecule  is  not  acted  on  by  any  sensible  force  and  the 
paths  are  straight  lines.  When  two  molecules  'encounter' 
each  other,  i.e.  come  sufficiently  near  for  their  mutual 
action  to  be  appreciable,  they  swerve  round  one  another 
and  their  directions  of  motion  change.  The  straight  path 
between  any  two  encounters  is  the  'free  path'  of  the 
molecule. 

The  velocity  of  any  one  molecule  is  very  irregular,  but 
if  a  statistical  view  and  not  an  individual  one  is  adopted 
and  the  molecules  are  distributed  into  groups  according 
to  their  velocity,  a  regularity  appears.  MaxwelP  showed 
that  the  number  of  molecules  whose  velocities  lie  between 
u,  V,  w  and  u  +  du,  v  +  dv,  w  +  dw  is  proportional  to 

131.  Equipartition  of  energy. 

The  ultimate  result  of  encounters  between  molecules 
was  shown  by  Maxwell  ^  and  others  to  lead  to  the  equiparti- 
tion of  energy  between  the  different  effective  coordinates 
(degrees  of  freedom)  of  the  system,  on  the  Newtonian 
theory  of  dynamics. 

132.  Gas  pressure. 

This  is  due  to  the  impacts  of  the  molecules  on  the  walls 
of  the  containing  vessel. 

^  Collected  Works,  vol.  i.  p.  377,  and  Jeans'  Dynamical  Theory  of  Gases, 
chap.  n. 

^  Collected  Works,  vol.  n.  p.  713,  and  Jeans,  chap.  v. 
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Let  the  gas  be  contained  in  a  rectangular  box,  with  the 
axes  of  X,  y,  z  normal  to  its  faces,  and  suppose  the  molecules 
to  be  perfectly  elastic  point  spheres. 

Consider  a  face  of  the  box  normal  to  Ox;  if  u,  v,  w  are 
the  velocities  of  a  molecule  on  impact,  its  velocities  after 
impact  are  —  u,v,w  and  the  impulse  on  the  wall  =  2mu, 
where  m  is  the  mass  of  a  molecule. 

Let  n  be  the  number  of  molecules  per  unit  volume  whose 

velocity  lies  between  u,  v,  w  and  u  +  du,  v  +  dv,  w  +  dw. 

Since  the  gas  is  at  rest,  half  the  molecules  are  moving 

towards  the  face  and  half  away.  Hence  the  number  of  mole- 

n 
cules  which  impinge  on  an  area  dS  in  time  dt  is  udtdS  ^ , 

and  the  impulse  communicated  is  udtdS  ^  2mu  or  mnuHSdt. 

Hence  the  force  on  dS  is  mnuhlS  or  the  pressure  on  the 
face  is  mnu^.   For  all  the  molecules  the  pressure  is 

If  {u-)  is  the  mean  value  of  u^,  per  unit  volume, 

or  Unu^  =  N  (u^)  where  i\"  is  the  number  of  molecules  per 
unit  volume. 

Therefore  the  pressure  p,  on  the  face  normal  to  Ox,  is 
mN  (u^).    So  for  the  other  faces  normal  to  Oy  and  Oz, 

p  =  mN  {v^)    and  p  =  mN  (ty-). 

and  Sp  =  mN  [(w^")  +  ("^)  +  (1^)]. 

If  V  is  the  velocity  of  a  molecule,  V^  =  u^  -}-  v^  +  iv^. 

.-.   p  =  ^mNC^   where   C  =  v/("P), 

(Jeans,  chap,  vi),  or  the  pressure  is  |  of  the  kinetic  energy 
of  the  molecules  per  unit  volume. 
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If  p  is  the  mass  per  unit  volume  or  density  of  the  gas, 
p  =  mN. 

Therefore  jp  =  \pO^, 

or  pv  =  \C^, 

where  v  is  the  volume  of  unit  mass.  C  is  the  'velocity  of 
mean  square ' ;  it  is  the  velocity  of  a  molecule  whose  energy 
is  equal  to  the  average  kinetic  energy  of  the  molecules. 

133.  The  velocity  (7  =  a  /  —  ,  and  is  readily  calculated 

for  a  given  gas.    For  oxygen  at  0°  C.  and  atmospheric 
pressiire, 
p  =  -001429  gr.  per  c.c.  and_p  =  1013600  dynes  per  sq. cm. 

.  /3  X  1013600 

•'•  V        -001429 

=  46100  cm.  per  second. 

134.  Boyle's  law. 

Since  the  heat  of  a  gas  on  the  kinetic  theory  is  the 
energy  of  the  molecules,  it  will  be  assumed  that  C  is 
constant  for  constant  temperature. 

Therefore  pv  =  constant  at  constant  temperature 
(Boyle's  law). 

135.  Temperature. 

This  is  defined  in  the  kinetic  theory  by  the  equations 

m  {u'^)  =  m  {v^)  =  m  {w^)  =  Rt, 

where  ^  is  a  constant. 

Therefore  mC^  -  ^Rt, 

and  p  =  \mNC^-  -  NRt. 

Thus  if  i?  is  taken  as  13-8  x  10"^',  the  temperature  thus 
defined  is  Thomson's  absolute  temperature. 
Also  since 

9-2 
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the  average  kinetic  energy  associated  with  each  degree  of 
freedom  of  a  molecule  is  ^Rt.  When  the  size  of  the  molecules 
is  taken  into  account,  the  calculation  of  the  pressure  re- 
quires modification.  This  was  first  carried  out  by  Van  der 
Waals  (Jeans,  chap.  vi). 

136.    Atoms  and  molecules. 

The  modern  theory  of  the  structure  of  the  atom  is  in 
the  first  place  due  to  J.  J.  Thomson.  His  researches  on 
the  conduction  of  electricity  through  gases ^  in  1897  dis- 
closed the  existence  of  negatively  electrified  particles,  now 
called  'electrons,'  whose  mass  is  1/1845  of  the  mass  of  an 
atom  of  hydrogen  and  whose  charge  (e)  is  4-774  x  10~^° 
E.s.u. ;  the  mass  and  charge  of  the  electrons  are  independent 
of  the  nature  of  the  gas  used. 

It  thus  became  apparent  that  electrons  might  be  an 
ultimate  constituent  of  all  atoms ;  Thomson  ^-^  at  first  pro- 
posed a  model  of  the  atom  in  which  electrons  were  in 
equilibrium  in  a  uniformly  diffused  positive  charge  forming 
a  minute  sphere,  and  later  gave  a  kinetic  theory  in 
which  the  electrons  were  revolving  m  orbits  under  the 
controlling  influence  of  the  positive  charge.  (The  dis- 
covery of  radioactivity  had  by  now  shown  that  within 
the  atom  there  was  a  vast  store  of  kinetic  energy.) 

At  the  same  time  as  the  electrons,  there  are  produced 
in  the  gas  tube  positively  electrified  particles,  now  called 
'positive  rays,'  of  the  same  order  of  mass  as  the  atom  of 
the  gas  used. 

Thomson^  examined  the  positive  rays  from  different 
substances  by  a  deflexion  method  in  which  positive  par- 
ticles of  a  given  kind  produced  a  parabola  on  a  photo- 
graphic plate,  whatever  their  speed;  the  study  of  these 
rays  has  since  been  greatly  advanced  by  an  experimental 
method  of  remarkable  power  due  to  Aston^. 

^  Conduction  of  Electricity  through  Gases,  1903. 

"  Electricity  cmd  Matter  (Silliman  Lectures,  1903). 

^  The  Corpuscular  Theory  of  Matter  (Royal  Institution  Lectures,  1906). 

*  Rays  of  Positive  Electricity,  1913.  *  Isotopes,  F.  W.  Aston,  1923. 
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The  researches  of  Rutherford  and  his  pupils  in  which 
the  instrument  of  the  a-particle  was  used  to  disclose  the 
nature  of  the  atom  have  led  to  the  atomic  model  proposed 
by  Rutherford  which  is  now  generally  used  in  theoretical 
work. 

Rutherford's  atom  consists  of  a  central  positively 
charged  nucleus  around  which  revolve  a  number  of  nega- 
tively charged  electrons.  In  a  neutral  atom  the  total 
charge  of  the  electrons  is  equal  and  opposite  to  the  charge 
of  the  nucleus.  The  number  of  electrons  is  equal  to  the 
'atomic  number'  of  the  element.  (This  is  a  number  indi- 
cating the  position  of  the  element  in  a  table,  in  which,  as 
Moseley  proposed,  the  elements  are  arranged  in  the  order 
of  their  atomic  weights,  beginning  with  hydrogen  and 
allowing  for  obvious  gaps  for  undiscovered  elements  sug- 
gested by  the  periodic  law  and  X-ray  spectra.) 

On  this  theory  the  discharge  through  the  gas  tube  in 
Thomson's  experiments  detaches  electrons  from  the  atom, 
leaving  the  nucleus  and  some  or  no  electrons,  which  con- 
stitute a  positive  ray  particle. 

An  atom  of  hydrogen,  whose  atomic  number  is  1,  would 
consist  of  an  electron  (charge  —  e)  revolving  round  a 
nucleus  (charge  +  e).  If  the  mass  of  the  electron  is  the 
unit,  that  of  the  atom  of  hydrogen  is  1845,  so  that  the 
nucleus  would  effectively  contain  the  mass  of  the  atom. 
This  nucleus,  detached  from  its  revolving  electron,  is  a 
positive  ray  particle  of  hydrogen.  This  is  called  a 
'proton.' 

The  positive  nuclei  of  heavier  atoms  are  built  up  of 
protons  and  electrons.  For  example  if  an  element  had  an 
atomic  weight  a  and  atomic  number  n,  the  nucleus  of  its 
atom  must  contain  a  protons  to  give  it  the  necessary  mass, 
and  there  must  be  n  electrons  circulatmg  round  it.  To 
make  the  charge  on  the  nucleus  equal  and  opposite  to  that 
of  the  electrons,  the  nucleus  must  also  contain  (a  —  n) 
electrons,  which  would  not  affect  its  mass  appreciably. 
Thus  the  nucleus  would  be  an  aggregate  of  a  protons  and 
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(a  —  n)  electrons  of  total  charge  ne  and  there  would  be 
n  revolving  electrons  whose  total  charge  is  —  ne. 

The  spectrum  and  the  chemical  properties  of  the 
element  depend  on  its  atomic  number,  i.e.  the  number  of 
revolving  electrons. 

Thus  two  atoms,  one  with  a  nucleus  (22  protons,  12 
electrons)  and  10  revolving  electrons  and  the  other  with 
a  nucleus  of  (20  protons,  10  electrons)  and  10  revolving 
electrons,  would  have  identical  spectroscopic  and  chemical 
properties. 

But  the  atomic  weight  of  the  former  would  be  22  and 
of  the  latter  20.  Such  atoms  were  called  by  Soddy 
'isotopes.'  The  atomic  weight  of  the  gas  'neon'  is  20-2, 
and  Aston  has  shown  that  the  gas  is  a  mixture  of  two 
isotopes  of  atomic  weights  20,  22. 

Rutherford's  concept  of  the  atom  has  also  been  con- 
firmed by  the  amazing  exactness  of  Bohr's^  calculations 
of  the  spectrum  of  hydrogen  based  on  this  model  of  the 
atom  and  the  quantum  mechanics;  and  also  by  the  work 
of  Sommerfeld^  and  others  who  have  accounted  for  the  fine 
structure  of  the  lines  (by  using  the  relativity  correction 
for  the  change  of  mass  with  velocity),  and  for  the  effects 
of  electric  and  magnetic  fields  on  the  spectrum. 

Molecules  are  aggregations  of  atoms;  a  molecule  of 
mercury  vapour  is  one  atom;  a  molecule  of  oxygen  or 
carbon  monoxide  is  two  atoms;  a  molecule  of  steam  or 
carbonic  acid  is  three  atoms,  and  so  on. 

When  a  gas  is  heated,  at  first  the  atoms  as  a  whole  in 
the  molecule  are  excited  and  heat  rays  of  long  wave-length 
(compared  with  light)  are  emitted.  At  very  high  tempera- 
tures, as  in  the  production  of  arc  and  spark  spectra,  the 
emission  of  much  shorter  wave-lengths  occiu-s  also  and  is 
due  to  electron  changes  within  the  atom. 

^  Phil.  Mag.  vol.  xxvi.  1913  and  Report  on  Radiation  and  the  Quantum 
Theory,  J.  H.  Jeans,  p.  35. 

2  A.  Sommerfeld,  Atomic  Structure  and  Spectral  Lines  (English  trans- 
lation), 1923. 
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137.    The  specific  heat  of  a  gas. 

We  have  seen  that  the  average  kinetic  energy  associated 
with  each  degree  of  freedom  of  a  molecule  is  \Rt. 

Consider  a  monatomic  gas.  If  the  temperatm'e  is  within 
an  ordinary  range  which  is  not  sujBficient  to  distm'b  the 
internal  structm-e  of  the  one  atom  composing  the  molecule, 
there  are  three  degrees  of  freedom,  i.e.  those  of  translation 
of  the  molecule. 

.-.  E  =  m, 

since  the  potential  energy  is  negligible,  the  cohesion  in 
gases  being  very  small,  as  Joule's  experiment  shows. 
Now  for  a  perfect  gas, 

dE  =  c^dt, 
__  SB 

_But  Cp  —  Cy  =  It.     . .    Cj,  =  -^  . 

This  value  agrees  with  that  found  for  monatomic  gases, 
such  as  helium  and  mercury  vapour. 

Consider  a  diatomic  gas.  The  two  atoms  form  a  molecule 
with  symmetry  about  the  line  joining  the  nuclei  of  the 
atoms.  If  the  molecule  is  treated  as  rigid,  so  that  there 
is  no  vibration  of  the  nuclei  relative  to  one  another,  there 
are  onty  five  effective  degrees  of  freedom,  i.e.  three  of 
translation  and  two  of  rotation,  as  rotation  about  the  axis 
of  symmetry  could  not  be  produced  in  encounters  with 
other  molecules.   The  energy  E  is  therefore  ^Rt. 

-^         ,,  .  5E  IR       .  7       ,  , 

Iirom  this,  c^  =  -^  ,  Cj,  =  -^  and  y  =  -  =  1*4. 

For  most  diatomic  gases,  oxygen,  hydrogen,  carbon 
monoxide,  this  is  found  to  be  the  case  for  moderate  tem- 
peratures. But  when  these  gases  are  strongly  heated,  the 
specific  heat  rises,  so  that  y  falls.   This  is  due  to  vibration 
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of  the  nuclei  and  their  electrons,  which  produces  their  heat 
and  light  radiation,  of  which  the  former  is  here  the  im- 
portant factor. 

Consider  a  triatomic  gas,  such  as  water  vapour  or  car- 
bonic acid.    The  three  atoms  form  a  molecule,  which  if 
rigid,  has  six  degrees  of  freedom  so  that  E  =  3Rt,  whence 
c^  =  SR,  Cj,  =  4R,  and  y  =  |  =  1-33. 

The  values  of  y  for  water  vapour  and  carbonic  acid  are 
rather  less  than  this;  for  more  complex  molecules  (which 
would  if  rigid  still  have  no  more  than  six  degrees  of 
freedom)  the  value  of  y  is  much  less.  This  is  due  to  the 
energy  of  vibration  within  the  molecule  (so  far  neglected) 
becoming  comparable  with  the  energy  of  translation  and 
rotation  of  the  molecule  as  a  rigid  entity. 

138.   Newtonian  mecJianics  not  sufficient. 
If  the  theorem  of  equipartition  of  energy,  based  upon 
the   Newtonian   scheme  of    mechanics,   is   applied   to  a 
molecule  with  six  degrees  of  freedom,  and  also  n  degrees 
of  vibratory  freedom,  then 

E  ^  6  {\Rt)  +  nRt  =  (7i  +  3)  Rt. 
_n  -h  4 

and  is  constant. 

But  it  is  known  that  y  falls  with  increasing  temperature ; 
so  that  equipartition  alone  will  not  suffice.  Again  the 
spectrum  contains  some  thousands  of  lines  indicating  that 
n  is  some  thousand,  so  that  y  ->  1  on  this  theory,  which  is 
not  the  case. 

Planck's  formula. 

Planck^,  starting  with  conceptions  outside  the  New- 
tonian system  of  mechanics,  found  a  formula 

,  hv 

where  x  =  ^^  , 
lit 

^  La  Theorie  du  Rayonnement  et  les  Quanta,  a  Report  to  the   Solvay 
Congress  at  Brussels,  1911,  p.  104.   This  is  referred  to  later  as  R.  et  Q. 
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for  the  average  energy  (kinetic  and  potential)  of  a 
molecule  whose  frequency  of  vibration  is  v.  His  theory, 
known  as  the  'quantum  theory,'  has  as  its  foundation 
principle — '  Energy  of  frequency  v  can  only  be  emitted  in 
multiples  of  a  quantum  of  energy  e,  where  e  =  hv,  and  h  is 
a  universal  constant.'  The  constant  k,  Planck's  constant, 
is  6-55  X  10-27;  the  frequency  v  is  the  number  of  vibrations 
per  second. 

The  graph  oi  y  =  ^— ^ 


IS 


so  that  small  values  of  x  lead  to  the  largest  values  in 
Planck's  formula  or  low  frequency  vibrations  are  the  most 
potent  in  effecting  the  average  energy  of  a  molecule.  Thus 
when  a  gas  is  strongly  heated  the  heat  vibrations  in  the 
infra-red  part  of  the  spectrum  are  more  important  than 
the  higher  frequency  vibrations  in  the  visible  part  of  the 
spectrum.  The  former  are  associated  with  the  heavy  nuclei 
of  the  atoms  forming  the  molecule  and  the  latter  with  the 
electrons  revolving  romid  the  nuclei, 

139.    Application  to  carbon  monoxide. 

In  the  case  of  a  diatomic  molecule,  such  as  that  of 
carbon  monoxide,  we  should  expect  one  band  in  the  infra- 
red corresponding  to  the  period  of  vibration  of  the  nuclei 
of  the  carbon  and  oxygen  atoms  relative  to  each  other. 
Such  a  band  of  wave-length  -00047  cm.  is  known. 

Since  the  wave-length  x  frequency  =  velocity  of  the 
waves,  (-00047)  v  =  3  x  lO^",  the  velocity  of  light  (and  any 
radiation). 
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.*.    V  =  £j  X  10^^  vibrations  per  second. 
hv      6-55  X  10-27  X  3  X  IQis      3029 


X  = 


Rt        47  X  13-8  X  10-17  X  t  t 


AtO°C.,  ^^^  =  1^'^^- 

At   2000°  C,   the   temperature  of  explosion   of   a  gas 
mixture,  _    3029    _ 

^~  2273a  ~  ^''^'^• 
Now  the  energy  associated  with  a  molecule  is 


e^  -  1' 


the  first  term  being  due  to  the  motion  of  the  molecule  as 
a  whole  and  the  second  due  to  the  vibration  of  the  nuclei 
relative  to  each  other. 

.*.   E  =  ^Rt  -\ — T ,  writing  in  the  value  of  x. 

x'^e^ 


^  4- 

2  ^  (e^"  -  1)2 


=    A    4- 


R. 


"     R  2     '     (gx_    1)2- 

J^ow  ,- — ^  when  x  =  11'09  is  of  order  —  or  ^    ,,  J- 

[e^  —  ly  e*  ell*  09 

and  is  negligible,  and  when  x  =  1-33,  its  value  is  -87. 
.-.   %  rises  from  2-5  at  0°  C.  to  3-37  at  2000°  C. 

:.   %  rises  from  3-5  at  0°  C.  to  4-37  at  2000°  C. 

4-37 
.*.    y  falls  from  |  to  ^-— ^  in  that  range, 

or  y  falls  from  1-4  to  1-3  as  the  temperature  rises  from 
0°  to  2000°  C. 

1  Planck,  iJ.  et  Q.  p.  112. 
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Thus  Planck's  quantum  theory  does  account  for  the 
rise  of  the  specific  heat  of  a  gas  with  the  temperature, 
whereas  the  Newtonian  theory  requires  it  to  be  constant. 

140.  Carbonic  acid. 

This  triatomic  gas  may  have  three  degrees  of  freedom 
of  vibration  of  the  two  oxygen  nuclei  and  the  carbon 
nucleus.  There  are  three  bands  in  the  infra-red  of  wave- 
lengths 2-7,  4-3,  14-7  times  10"^  cm. 

Even  at  0°  C,  the  wave-length  14-7  x  10"*  produces  an 
appreciable  effect  in  Planck's  formula  and  reduces  y  from 
1-33  to  1-30. 

At  very  high  temperatures  the  expression  Rt  — ^  may 

be  nearly  Rt  for  each  frequency  (for  if  Hs  large,  x  ->0),  and 
thus  a  term  nearly  ^Rt  would  be  added  to  the  ZRl  there 
would  be  without  this  vibrational  energy,  or  the  total  is 
nearly  'oRt.  Therefore  c^  may  be  nearly  6i?  at  very  high 
temperatures,  and  c^  would  be  IR,  so  that  y  would  fall 
to  f  as  a  limit,  or  1-17,  the  normal  value  being  1-33  for 
such  a  gas. 

This  radiant  energy  has  been  actually  measured  by 
Hopkinson^  in  gas  explosions. 

141.  Halogen  vapours. 

For  the  heavy  atoms  of  chlorine,  bromine,  iodine,  which 
form  diatomic  molecules,  the  vibrations  are  so  slow  that 
even  at  ordinary  temperatures  the  effect  of  vibration  on 
the  specific  heats  is  appreciable  and  there  are  abnormally 
high  specific  heats. 

When  for  instance  hydrogen  is  substituted  for  iodine  in 
a  diatomic  molecule  of  iodine  so  as  to  produce  hydriodic 
acid,  the  much  lighter  molecule,  still  diatomic,  vibrates  so 
rapidly  that  its  vibration  contributions  to  the  energy  are 
small  and  the  specific  heat  has  a  normal  value. 

1  Proc.  Roy.  Soc.  1910. 
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142.  Application  to  gas-engine  theory. 

The  rise  of  specific  heat  with  temperature  is  of  im- 
portance in  the  theory  of  a  gas-engine,  for  it  means  that 
the  rise  of  temperature  resulting  from  the  explosion  of  a 
given  gas  mixture  is  not  so  great  as  it  would  be  if  the 
specific  heat  remained  constant. 

It  has  been  shown  that  the  rise  of  c^  or  Cj,  due  to  a 

molecular  vibration  of  frequency  v,  produced  by  a  high 

Rx^e"'  hv 

temperature  is  j-^ -^  ,  where  x  =  ^  . 

Take  a  definite  instance,  that  of  carbon  monoxide.    It 

3029 
has  been  seen  that  x  =  — —  .  If  Rr)  denote  the  rise  of  the 

V 

specific  heat,  t]  = — -;  writing  x  — 


^;  wrmng  x  =  ^ ,  rj 
t 


1 


where  ^  =  , . 

^       3029 

The    curve   given   by   this    ^-t)    equation    is    a    curve 

showing  the  relation  between  the  rise  of  specific  heat  and 

the  temperature;  ^  is  the  temperature  divided  by  3029  and 

7]  is  the  rise  of  specific  heat  divided  by  R.    The  curve  is 

of  the  form 


0  ^=7  ^=2  I 

For  a  range  of  temperature  0°  to  2000°  C,  ^  ranges  from 
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273-1        2273*1 

302^  to  or  -09  to  -75.  The  figure  shows  that  for  this 

range,  the  curve  is  approximately  parabolic. 

143.  Practical  formulae  for  the  variation  of  the  specific  heat. 
A  formula  c^  =  a  -\-  ht  +  ct^  has  accordingly  been  used 

(a  parabolic  curve).   Hence  Cp  =  a'  +  6^  +  ct^,  where 
a'  —  a  =  R. 
The  adiabatic  curves  for  these  high  temperatures  for 
which  c^ ,  Cp  vary  are  given  by 

c^dt  +  pdv  =  0 

{a  +  bt  +  ct^)  ^  +  R—  =  0 

t  V 

or  a  log  t  +  bt  -\-  —  +  R  log  v  =  constant. 

Thus  a  v-t  curve  can  be  drawn. 

Using  pv  =  Rt,  a  p-v  curve  can  be  deduced. 

144.  Specific  heat  of  solids  at  low  temperatures. 
Dulong  and  Petit  showed  that  the  product  of  the  specific 

heat  and  the  atomic  weight,  for  a  large  number  of  solid 
elements,  has  at  ordinary  temperatures  an  approximately 
constant  value.  This  product,  called  the  'atomic  heat,'  is 
about  6-2. 

If  m  is  the  mass  of  an  atom  and  n  the  number  per  gram, 
mn  =  1 .  If  the  number  of  degrees  of  freedom  of  the  atom^ 
is  s,  the  average  kinetic  energy  associated  with  each  degree 
of  freedom  is  ^Rt;  and  as  in  a  vibration  the  mean  energy 
is  half  kinetic  and  half  potential,  the  total  energy  for  each 
degree  of  freedom  is  Rt. 

Therefore  the  total  energy  E  per  gram  =  nsRt  ergs. 

dE 
c^  =  ^  =  nsR. 

Let  a  be  the  atomic  weight  of  the  element  assuming  that 
of  oxygen  to  be  16. 

1  R.  et  Q.  p.  63. 
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If  mo  is  the  mass  of  an  atom  of  oxygen, 

a   _^  m  .  1         16 

16      mo  *  * '  m      amo ' 

IQsR 
arriQ 

Now  R  =  13-8  X  10-"^',  and  mo  x  (number  of  atoms  of 
oxygen  per  c.c.)  =  mass  of  1  c.c.  of  oxygen  =  -001429  gr. 

.-.    mo  (2  X  2-7  X  10")  =  -001429. 

[Avogadro's   number   2-7  x  10^*  molecules  per  c.c.    is 

multiplied  by  2,  since  the  molecule  of  oxygen  contains  two 

atoms.] 

R       13-8  X  10-1'  X  5-4  X  lO^^       ^^, 
•*•    —  = T^^TJ^ =  521   X   10*. 

mo  -001429 

.*.   ac^  =  16  X  521  X  10^  X  5  in  work  units 
16  X  521  X  10*  X  5 


41-8  X  10« 


in  heat  units. 


or  the  atomic  heat,  A  =  (1-994)  s. 

If  s  =  3,  then  A  =  5-98,  approximately  the  observed 
value.  On  this  theory,  based  on  equipartition  (Newtonian 
theory)  the  atomic  heat  is  (1-994)  s,  where  s  is  a  constant, 
so  that  no  variation  of  specific  heat  with  temperature  is 
possible. 

The  energy  is  ZnRt  per  gram  and  c^  =  ^nR,  where  n  is 
the  number  of  molecules  per  gram. 

145.    Fall  of  atomic  heat  at  low  temperatures. 

In  1911  Nernst^  determined  a  large  number  of  specific 
heats  at  constant  pressure  through  a  wide  range  of  tem- 
peratures, and  corrected  them  to  specific  heats  at  constant 
volume  (§75).  It  was  found  that  the  atomic  heat  was 
constant  at  ordinary  temperatures  and  about  6,  but  that 
there  was  a  marked  diminution  at  very  low  temperatures. 
The  curves  obtained  were  of  the  ty^Q  shown  in  the  figure 
opposite. 

1  Zcits.  fur  EleJctrochem.  1911. 
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6 
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140 
Absolvute  berrL-percuture 


Now  Planck's  radiation  formula  Rt 


1 


agrees  with 


the  Newtonian  one  for  small  values  of  x;  the  differences 
between  quantum  theory  and  Newtonian  theory  arise  when 
X  is  not  small. 

Since  ^  =  pi '  ^^  should  expect  differences  for  large 

values  of  v  or  small  values  of  t,  i.e.  high  frequencies  or 
low  temperatures.  It  is  to  the  quantum  theory  therefore 
that  we  must  look  to  account  for  these  anomalies  at  very 
low  temperatures. 

146.    Dehye's  theory. 

In  1912,  Debye^  gave  a  theory  of  the  variation  of  atomic 
heat  which  leads  to  curves  agreeing  almost  exactly  with 
those  observed  by  Nernst.  The  atoms  of  a  sohd  do  not 
possess  independent  free  vibration ;  the  oscillations  of  one 
are  affected  by  aU  the  others.  Assuming  that  there  is  an 
upper  limit  v^  to  the  values  of  the  frequencies  possible, 
Debye  showed  that  the  number  of  vibrations  with  fre- 
quencies between  v  and  v  +  dv  must  be 


where  n  is  the  number  of  atoms  per  gram. 

1  Ann.  der  Physik,  1912. 
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If  we  assign  to  each  vibration  the  energy  Rt  of  the 
Newtonian  theory,  the  energy  per  gram  would  be 

Jo      vJ 
the  value  already  obtained. 

But  if  we  assign  the  energy  Rt  — :r  of  the  quantum 

theory,  where  ^  "^  p7  ' 


the  energy  per  gram,     E  ^  ^n  \     — 

J  0      V 


vm  y'i^y  Jiv 


3       ^ 

eRt  _  1 

hv 

_  (IE  __  /•"'«      ^nh'^iAeRtdv 

•'•   ^'^  ~  W  ~  j  0  ^  • 

Rt^vJ{eRt  -  1)2 

Writing  ^^  M  ^^^  ^™  ""  ^  ' 

_  ^nR  i^   x^e'^dx 


0   (e^  -  1)'  ■ 
At  ordinary  temperatures  x^  is  small,  so  that 
focm   cc^e^dx  (^"'x^dx     x^^ 

Jo   (e*  -  1)'  "  Jo  ^^""3"' 

so  that  Cy  -^  SnR,  the  Newtonian  value. 
Denoting  this  by  c^,  we  have 

c„         3     [^   x^eHx 


a  definite  function  of  x^ ;  let  this  be  /  (x^) . 

This  too  is  -r  the  ratio  of  the  atomic  heat  A  to  the 

A 

constant  value  A^  observed  at  ordinary  temperatures. 
Hence        J  =/ W  =/(^r)  =  ^  (^)  . 
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the  function  F  being  the  same  for  all  elements.  The  curve  F 
obtained  from  the  integral  was  found  to  have  the  form  of 
the  Nernst  experimental  curve  and  could  be  fitted  to  it  by 
adjustment  of  v^ ;  the  values  of  v^  required  for  the  different 
substances  were  found  to  be  in  good  agreement  with  the 
values  calculated  from  their  elastic  constants. 

147.    Atomic  heat  near  the  absolute  zero. 

If  the  temperature  is  near  the  absolute  zero,  x^  is  large 

^^^  r^   xf^e'^dx        p     Qcf^dx 

.'o   (e--  Ip'Jo  {e-  -  1)2 

/•OO 

or  x^  (e-*'  +  2e-2^  +  3e-=^^  +  ...)dx. 

J  0 

24 


Since 

Jo                                 C5' 

the  integral 

--a^-W--) 

=  ^^{t^^¥^¥^"') 

477* 

15 

=  25-97. 

m 

.-.    j  ->    ^3X25-97 

or 

77-9         .      ^^^/RtY 
- — ^,      ^.e.  77-9    T — 

Xm^                                     \hvj 

;i)- 


Thus  for  a  given  substance,  A  varies  as  t^  near  the 
absolute  zero.  This  agrees  with  the  observations  of 
Kamerlingh  Onnes  and  Keesom  (1915)^  at  temperatures 
as  low  as  15°  absolute;  the  values  of  v^  found  from  their 
results  by  the  equation  (1)  agree  closely  with  the  values 
calculated  from  the  elastic  constants. 

^  Commun.  Phya.  Lab.  of  Leiden,  147  a. 
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RADIATION 

148.    Radiation. 

Electromagnetic  waves  are  known  of  a  wide  range  of 
wave-lengths;  electric  waves,  infra-red  rays,  light,  ultra- 
violet rays.  X-rays  and  y-rays ;  a  sequence  of  wave-lengths 
diminishing  from  many  hundreds  of  metres  for  electric 
waves  down  to  lengths  of  order  10-^°  cm.  for  y-rays.  These 
are  aU  included  in  the  term  'radiation.' 

A  train  of  such  waves  has  a  definite  amount  of  energy 
associated  with  each  wave-length,  so  that  as  the  waves 
travel  (with  the  velocity  of  3  x  10^°  cm.  per  second)  a 
stream  of  energy  travelling  at  that  rate  is  drawn  out  from 
the  body  producing  the  radiation. 

If  a  body  is  kept  at  a  given  temperature  and  steadily 
emits  radiation  without  undergoing  any  change  of  struc- 
ture, the  radiation  is  called  'pure  temperature  radiation.' 
Lampblack  is  a  substance  which  can  emit  or  absorb  almost 
aU  wave-lengths  of  temperature  radiation;  an  ideal  body 
which  can  emit  aU  wave-lengths  is  called  a  'black  body.' 

If  a  black  body  is  heated  it  gives  out  radiations  of  aU  wave- 
lengths, but  at  first,  only  the  long  infra-red  waves  (radiant 
heat)  have  sufficient  intensity  to  be  perceived  by  the  use  of 
a  thermometer  or  bolometer.  As  the  temperature  rises,  the 
intensity  of  the  energy  corresponding  to  all  wave-lengths 
increases  and  at  525°  C.  that  of  the  shorter  waves  of  light 
is  sufficient  for  them  to  affect  the  eye.  The  Hght  is  at  first 
of  long  wave-length  (red)  so  that  the  body  is  'red  hot'  and 
then  smaller  and  smaller  wave-lengths  become  perceptible, 
until  at  about  1 200°  C.  the  body  emits  visible  hght  of  all 
wave-lengths  and  is '  white  hot ' ;  at  higher  temperatures  the 
ultra-violet  rays  become  apparent,  rnitil  at  2325°  C.  full  tem- 
perature radiation  is  obtained  (Lummer  and  Pringsheim)^. 

^  Berichte  der  Deuts.  Ges.  1903. 
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149.    The  pressure  of  radiation. 

Maxwell  1  in  1873  deduced  from  the  electromagnetic 
theory  that  radiation  incident  normally  on  a  'black' 
surface  at  rest  produces  a  pressure  equal  to  the  energy 
per  unit  volume  of  the  radiation.  The  theory  of  radiation 
pressure  has  been  developed  by  the  researches  of  Larmor  ^, 
who  found  that  for  radiation  incident  normally  on  a 
'  black '  surface  moving  in  the  same  direction  with  velocity 
u,  the  radiation  pressure  is 

/.2 


w 


c^  +  u^ 


of  Maxwell's  value  for  a  fixed  surface, 


c  being  the  velocity  of  light, 
value  when  u[c  is  small. 


This  agrees  with  Maxwell's 


150.  If  the  radiation  is  incident  ob- 
liquely at  an  angle  6  with  the  normal, 
the  pressure  across  BG  ^  E,  where  E 
is  the  energy  per  unit  volume;  or 
the  force  =  E  (BG)  =  E  cos  6,  and 
resolved  normally  to  BG,  this  yields 
E  cos^  6  as  the  pressure  on  AB. 


151.  Now  consider  radiation  faUing  equally  in  all  direc- 
tions upon  a  unit  area  at  O,  on  one  side  of  it. 

The  pressure  is  the  mean  value  of  E  cos^  6,  taken  for  all 
directions  from  0  to  the  hemisphere  shown. 

^  Electricity  and  Magnetism,  vol.  ii. 

2  On  the  dynamics  of  radiation.  Intern.  Congress  of  Math.  1912,  vol.  i. 
p.  197. 
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If  doi  is  the  solid  angle  of  a  small  cone  whose  axis  is  OP, 
the  mean  value  is 

jj  E  cos^  6  do)  _  }  Q    }  Q  ^ 

cos^esindde  =  ^E. 


=  E 
Jo 


152.    Radiation  and  temperature. 

Stefan's  law.  In  1817  Dulong  and  Petit^,  by  observing 
the  rate  of  cooling  of  thermometers  at  different  tempera- 
tures in  a  copper  globe  surrounded  by  water,  deduced  from 
the  cooling  curves  a  law  connecting  the  emission  of  radiant 
energy  per  second  (E)  with  the  temperature  (t)  of  the 
thermometer.  The  law  was  expressed  by 

E  =  a  (1-0077)'  +  b. 

In  1879  Stefan  2  proposed  an  entirely  new  formula  that 

E  is  proportional  to  t^.   He  was  led  to  this  by  a  result  of 

T3nidall's,    who   had   found   that   the   radiation   from   a 

platinum  wire  at  1200°  C.  was  11-7  times  that  at  525°  C. 

/1200  +  273\4  .    , ,  ^         .,.-.,••. 
-Now  [-^iT^ ^_o  )   IS  ll-o,  so  that  m  this  mstance  the 

radiation  varied  as  the  fourth  power  of  the  absolute  tem- 
perature. He  examined  the  work  of  Dulong  and  Petit  and 
found  that  if  their  results  were  corrected  for  conduction 
due  to  the  surrounding  medium,  they  were  more  in  agree- 
ment with  his  formula  than  with  their  own. 

In  1875  Bartoli  had  applied  thermodjmamical  principles 
to  radiation;  but  in  1884  Boltzmann^  regarding  full  radia- 
tion in  an  enclosure  as  exerting  pressure  on  its  boundary 
like  the  working  substance  in  an  engine,  took  it  through  a 
Carnot  cycle,  and  using  Maxwell's  formula  for  the  radia- 
tion pressure,  deduced  Stefan's  law. 

1  Ann.  de  Chimie,  vn.  1817. 

2  Wien.  Akad.  Ber.  lxxix.  1879. 
s  Wied.  Ann.  xxi.  1884. 
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153.    BoUzmann^s  deduction  of  Stefan'' s  law. 

Consider  a  cylinder  fitted  with  a  piston,  the  sides  of  the 
cylinder  and  the  piston  being  perfect  reflectors,  i.e.  non- 
permeable  to  radiation.  Let  the  end  of  the  cylinder  be 
perfectly  absorbent.  Let  there  be  two  sources  of  radia- 
tion at  temperatures  ^i,  ^2  (^i  >  ^2)'  ^^^  ^^so  a  slab  of 
material  impervious  to  radiation. 

Consider  the  cylinder  with  the  piston  pushed  home  to 
the  end  of  the  cylinder  and  suppose  it  at  temperature  t^ . 

(i)  Place  the  end  in  contact  with  the  hotter  source  (^i) 
and  allow  the  piston  to  rise ;  radiation  enters  the  cylinder 
and  the  radiation  pressure  does  work. 

(ii)  Place  the  slab  over  the  end  of  the  cylinder  so  that 
now  no  radiation  can  escape;  suppose  the  piston  to  move 
on,  so  that  the  system  expands  adiabatically  and  the  tem- 
perature falls  to  ^2  • 

(iii)  Remove  the  slab  and  place  the  end  in  contact  with 
the  colder  source  (^2)  ^^^  ^^^  tlie  piston  be  driven  home  so 
that  all  the  radiation  is  expelled. 

(iv)  Place  the  end  of  the  cylinder  in  contact  with  the 
hotter  source.  No  appreciable  radiation  is  used  up  in 
bringing  it  up  to  temperature  {t^,  and  the  cycle  is  complete. 

Let  the  energy  of  radiation  per  unit  volume  be  E  at 
temperature  t  and  radiation  pressure  p. 

Let  Vj ,  ^2  be  the  volumes  of  the  space  at  the  beginning 
and  end  of  the  adiabatic  process  (ii).  (We  shall  assume, 
what  is  demonstrable,  that  the  fuUness  of  the  radiation 
is  not  affected  by  adiabatic  change.) 

In  process  (i)  the  internal  energy  increases  by  E^v-i^  and 
the  work  done  in  expansion  is  ^^Vi ,  so  that  the  heat  taken 
in  from  the  source  at  temperature  t^  is  {E^  +  i>i)  ^1  •  So 
in  process  (ii)  the  heat  given  out  at  temperatiire  t^  i'^ 

By  the  theory  of  Carnot's  cycle, 

(^1  +  j)i)  v^  ^  (^2  +  V2)  V2 
h  h 
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In  the  adiabatic  process  (ii),  the  increase  of  energy  +  the 
work  done  by  the  system  =  the  heat  taken  in  =^  0. 

.'.    E^v^  -  E^v^  +  \    pdv  =  0. 

For  an  infinitesimal  change  for  which  Vi  =  v,v^^  v  +  dv, 
these  equations  become 

v' 


d 


{E+p)^ 


0 
d  {Ev)  +  pdv  =  0 


Therefore 
{{dE  +  dp)v  +  (E  +  p)  dv]  t-  {E  +p)  vdt  =  01 

Edv  +  vdE  +  pdv  -  0 J  ' 

.-.   dp  .t  =  {E  +  p)  dt. 

E 
Now  p  =  —  ,  from  Maxwell's  theory  (§  151) ; 
o 

dE_4dt 
"  ^  ~~T  ' 

.'.   E  =  Ct^,  where  C  is  a  constant. 
This  is  Stefan's  experimental  law. 

154.    Deduction  by  ThomsorCs  equation. 
The  Thomson  equation  is 

where  e  is  the  total  internal  energy.  Consider  a  volume  v 
of  radiation  and  let  it  increase  to  v  -\-  dv  at  constant  tem- 
perature. 

The  increase  in  0  is  equal  to  the  work  done  on  the 
system  =  —  pdv.  The  increase  of  e  is  Edv,  since  E  is 
constant  when  t  is  constant. 

Therefore  by  Thomson's  equation 


—  pdv  =  Edv  —  t  {  S)    dv. 

dp\ 

dt}^' 


-p  =  E-t(^J\ 
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.*.   E  =  Ct^,  at  constant  volume. 

155.  Experimental  verification  of  Stefan'' s  laiv. 
Consider  a  hollow  metal  vessel  with  a  small  hole  in  it. 

Any  radiation  entering  the  hole  from  outside  would  be 
partly  absorbed  by  the  walls  and  partly  reflected.  The 
chance  of  the  reflected  radiation  ever  emerging  from  the 
hole  is  very  small  indeed,  and  such  minute  portion  as  did 
so  would  have  undergone  so  many  reflections  that  its 
intensity  would  be  very  small.  It  may  therefore  be  said 
that  a  small  hole  in  a  hollow  body  is  a  perfect  absorber 
of  heat,  that  is,  it  is  the  experimental  realisation  of  the 
perfect  '  black '  body. 

Hence  if  a  small  hole  be  made  in  the  wall  of  a  hollow 
metal  vessel  heated  to  some  given  temperature,  the  radia- 
tion from  the  hole  will  be  that  of  the  'ideal'  black  body 
at  that  temperature. 

Lummer  and  Pringsheim^  found  by  bolometric  measure- 
ments between  100°  C.  and  1300°  C.  that  the  radiation 
from  a  small  hole  in  a  hollow  shell  or  '  black  body '  radia- 
tion followed  Stefan's  law. 

156.  The  spectrum  of  a  black  body. 

By  the  use  of  a  prism  of  fluorspar,  'black  body'  radiation 
can  be  dispersed  into  a  spectrum.  If  the  energy  of  the 
part  of  the  spectrum  corresponding  to  wave-lengths 
between  A  and  X  -\-  dX,  where  dX  is  a  small  definite  range 
of  wave-length,  is  measured  by  a  bolometer  and  is  E^  .  dX, 
E^  can  be  plotted  as  ordinate  with  A  as  abscissa  for  all 
the  wave-lengths  of  the  spectrum.  The  distribution  of 
energy  amongst  the  different  wave-lengths  is  thus  known 
by  experiment.  It  is  found  that  there  is  a  wave-length 
(A^)  for  which  E^  is  a  maximum  at  any  given  tem- 
perature.   Wien^,  in  1893,  by  theoretical  considerations, 

1  Wied.  Ann.  LXin.  1897. 

*  Sitzungsberichte  Berl.  Akad.  1893. 
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showed   that  for   different  temperatures,   A^  is    propor- 
tional to  -  and  that  {Ex.)m  is  proportional  to  t^  (§  158). 
z 

157.  The  effect  of  change  of  temperature  on  the  spectrum 
of  a  black  body. 

(a)  Effect  of  adiabatic  change  on  full  radiation. 

Consider  an  enclosure  full  of  radiation  with  perfectly 
reflecting  boundaries  and  let  its  volume  increase  from  v 
to  V  +  dv. 

The  process  is  adiabatic,  so  that  the  work  done  is  equal 
to  the  decrease  of  internal  energy.   Therefore 

pdv  =  —  d  {Ev). 

J\ow  P  =  -^  • 

:.   Edv  +  Zd  {Ev)  =  0. 
.-.    4Edv  +  SvdE  =  0. 
/.   v'^E^  =  constant,  "j 

By  Stefan's  law,  E  oc  t\ 

.'.   vt^  =  constant,  j 

If  the  enclosure  is  spherical,  of  radius  r,  then  it  follows 
(since  v  varies  as  r^)  that  Er"^  is  constant,  and  rt  is  con- 
stant, during  adiabatic  change. 

(jS)    The  Doppler  effect. 

This  is  an  effect  on  the  wave-length  due  to  the  motion 
of  the  boundary  of  the  enclosure,  analogous  to  the  well- 
known  Doppler  effect  in  the  theory  of  sound  waves. 

Consider  a  train  of  waves  of  length  A  reflected  normally 
from  a  perfectly  reflecting  surface  moving  with  velocity  u 
in  the  same  direction  as  the  waves  whose  velocity  is  c, 
where  ujc  is  supposed  small. 

Consider  the  distiu-bance  at  A  at  time  i  =  0 ;  let  the  re- 
flecting plane  be  then  distant  a  from  A.  The  disturbance 
reaches  the  plane  at  time  t  ^  t^  when  the  distance  of  the 
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u 


a 


plane  from  A  has  become  % ;  it  is  reflected  and  returns  to  A 
at  time  t'.  Then 

a^  —  a  =  vti 

2^1  =  cf 


a,  —  a 


va-, 


a,  = 


t' 


ac 

c  —  V 
2a 

—  V 


Thus  a  disturbance  leaving  A  at  time  ^  =  0,  returns  at 
time  t  = 


c  —  V 

Let  the  disturbance  at  A  be  periodic  (as  in  a  wave)  of 

period  t.    Then  at  time  t  =  r  a,  disturbance  equal  to  the 

one  just  considered  starts  from  A  and  the  distance  a  has 

now  become  a  +  vr.    This  disturbance  therefore  returns 

.  2  {a  +  vt)       ,  , ,        »  ^  , .        2  (a  +  vt)   , 

after  time  — ^^ and  therefore  at  time  — ^^ +  t. 

c  —  V  c  —  V 

The  interval  between  these  two  times  of  return  to  A 

must  be  the  period  t'  of  the  reflected  wave. 

.      ,       2  (a  +  vt)   ,  2a 
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,         C  +  V 

T    =   T. 

C  —  V 


.".  t'  =  f  1  H j  T,  approximately 


or 


2v 


dr  =  —  T,  writing  t'  =  t  +  dr. 


Now  for  any  wave,  ct  =-  A  and  c  is  constant  for  all 
wave-lengths,  therefore 

dr  _  dX 


Hence 


C 


For    oblique    incidence 

at   an   angle   6  with    the 

normal   to   the  reflecting 

surface,  the  effective  part 

of  V  is  that  perpendicular 

to  the  wave  front  or  v  cos  6, 

and 

,.       2v  cos  6  . 
dA  = A. 


Now  consider  a  spherical  enclosure  containing  fuU  radia- 
tion and  suppose  the  radius  (r) 
of  its  boundary  is  changing. 

If  6  is  the  angle  of  incidence 
of  radiation  of  wave-length  A, 
the  length  of  the  path  between 
successive  reflections  is  2r  cos  6. 
The  number  of  reflections  per 
second  is  therefore 
c 
2r  cos  6 ' 
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At  each  one 

dX  = 

2v  cos  6  . 

= A. 

C 

Therefore  the 

increase 

of  A  per  second 

is 

f2v  cos 

''^\](      ' 

~d) 

J  \2r  cos 

= 

vX 
r 

A 

V       f 
'  r  ~  r' 

155 


Therefore  Xjr  is  constant,  as  the  radius  of  the  boundary- 
changes. 

(y)    Wien's  formula,  E^  =  t^f  {M). 

Consider  a  spherical  enclosure  of  full  radiation.  Using 
the  notation  of  §  156  and  the  results  proved  in  (a),  (jS)  we 
have  that  when  r  becomes  r',  A  becomes  A'  and  t  becomes  t\ 

rt  =  r't'  \ 

A  _  a; 

r      r'  1 

-r.  .      J.   X  +  dX      X'  +  dX' 

f  or  a  wave  A  +  dX, 


Hence 


.(!)• 


and 

Now  plot  two  curves,  the  first  having 
y^^,x  =  Xt 

and  the  second  y  =  ^  ,  x  =  A'^'. 
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Then  on  account  of  equations  (1),  the  two  curves  are 
identical  for  any  values  of  t  and  t' .    Let  the  curve  be 

pi 
Then  ^  =  /  (A^  for  all  temperatures,  or 

This  is  Wien's  formula  for  the  form  of  E;^ . 
It  may  also  be  written 


or 


E, 


A6 


A5 
F  (Xt), 


158.    Wien's  displacement  law. 

W 
We  have  seen  that  iiy  ^  -^ ,  x  ^  Xt,  then  y  =f  (x),  where 

the  function /is  the  same  for  all  temperatures. 

X 

Then  if  F  =  yt^,  X  =  -  ,  the  curve  between  T  and  X  is 
that  between  E;^  and  A,  at  temperature  t. 


y=f(x) 


X 


It  is  only  necessary  to  draw  the  curve  y  =f  {x)  and  in- 
crease the  scale  of  the  ordinate  in  the  ratio  t^  :  1  and  that 
of  the  abscissa  in  the  ratio  1  :  ^  to  obtain  the  E^,  X  curve 
for  any  temperature  t. 
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V(=BX) 


x(=X) 


If  the  curve  y  =  f  (x)  has  a  maximum  at  (xq,  y^),  each  of 
the  E)^ ,  A  curves  has  a  maximum  given  by 

-^  m  ^^  y<y'  J  -^m  "^  "7"  > 

where  iCo?  2/o  ^^e  independent  of  the  temperature,  and 
depend  only  on  the  form  of  the  function  /. 

Therefore  (£'a),„  varies  as  t^  and  the  corresponding  A^ 

1 

varies  as  -  . 

V 

Thus  the  maximum  intensity  corresponds  to  a  shorter 
and  shorter  wave-length  as  the  temperature  rises.  This  is 
Wien's  'displacement'  law, 

159,   Experimental  verification  of  Wien's  law. 

The  laws  X^  oc  -  and  (^a)„i  cc  t^  have  both  been  verified 

by  Lummer  and  Pringsheim^  by  examining  the  radia- 
tion  from  a   given   narrow  portion  of  the  black  body 


1  Deutsch.  Phys.  Ges.  1899. 
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spectrum  for  different  wave-lengths ;  the  temperatures  used 
varied  from  620°  to  1646°  (Thomson  degrees).  Curves  of 
the  types  shown  on  p.  157  were  found  connecting  E^ 
with  A.  It  was  found  that  (A^)  t  =  -294  cm.  x  deg. 

160.    Distribution  of  energy  in  the  black  body  spectrum. 
We  have  seen  how  general  thermodynamical  principles 
lead  to  the  result  that  the  energy  of  wave-lengths  between 

A  and  A  +  r/A  is  E^dX  where  E^^^^F  (Xt).  The  graph  of  F 

is  known  from  experiment.  To  find  theoretically  the  actual 
form  of  i^  as  a  function,  it  is  necessary  to  use  some  hypo- 
thesis as  to  the  molecular  mechanism  of  emission  of  radiation. 
Using  Newtonian  djniamics,  Rayleigh^  found  the  formula 

„         SirRt 
E.  =  -^- 

for  large  wave-lengths,  which  was  shown  by  Jeans^  to  hold 
for  any  wave-length.  But  experiment  shows  that  for  low 
temperatures  and  short  wave-lengths  the  intensity  E^  is 
incomparably    smaller    than    that   given    by    the    above 

/•cc 

formula;  also  the  total  energy        E^dX  would  be  infinite 

Jo 
for  any  finite  value  of  t. 

Other  formulae  have  been  obtained  by  Wien 

_  a    ~  \t^ 
'~X^^ 
and  by  J.  J.  Thomson^ 


These  formulae  give  a  small  E^  for  a  small  A,  but  do 
not  agree  sufficiently  well  with  experiments  over  a  wide 
range  of  A. 

161 .   Planck'' s  formula. 

The  formula  of  Planck  *  agrees  closely  with  experiment 

1  Phil.  Mag.  1900.  ^  p^,/,  ^ag,  1909. 

3  Phil.  Mag.  1907.  «  Annalen  der  Physik,  1901,  R.  et  Q.  p.  93. 
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and  is  based  on  an  assumption  which  is  the  foundation  of 
the  quantum  theory.   His  formula  is 

This  is  the  Rayleigh-Jeans  formula  multipHed  by  the 

a 

factor ,  where  v  is  the  frequency  corresponding  to 

wave-length  A  and  h  is  Planck's  constant  such  that  hv  is 
the  quantum  of  energy. 

Since  the  wave-length  =  period  x  velocity  of  radiation, 

A  =  ( - )  c,  where  c  =  3  x  10^"  cm.  per  sec.  or  i^  =  ^  . 

^rrhv  87rhc 


Hence         Ex  = 


hv  he 


This  is  of  the  form  y^  F  {Xt)  required  by  Wien's  law. 

Thus  ii  y  =  E^  and  x  =  X,  this  formula  is 

SttAc  ,                he 

y  = ,  where  a  =  -^  . 

^              «  Rt 

x^  {ex  —  1) 

The  maximum  of  y  for  a  given  temperature  is  given  by 

a 

the  minimum  of  x^  (e^  —  I),  or  by 

5x^  {ex  -  1)  -  x^e^  (^j  =  0, 

«      .        a 
or 


a 

ex  — 

■  I  =  -^  ex 
5x 

1  - 

la 

e  X  =. 

5  X 

or 

1  .       1  /,      ,         /I      «        he       hv 

or  1  -  e-9  =  -  e,  where  ^  =  -  =  ^-^  =  — 

5  X      RtX      Rt 

The  root  of  this  equation  for  d  is  4-96  approximately, 

he 
so  that  the  maximum  of  y  or  of  E^  is  given  by  ^^^  =  4-96; 
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he 
or    {E^)^    corresponds    to   A^  =  ^^    at    any   given 

temperature  t. 

The  form  of  the  curve 

C 

y   =  -n. ' 


x^  {ex  —  1) 

where  C  is  the  constant  Stt/^c,  is  of  the  tjrpe  shown  on 
p.  157  and  agrees  closely  with  experiment  for  a  large  range 
of  wave-lengths. 

Lummer  and  Pringsheim's  experiments  showed  that 
{Kn)  t  =  '294  cm.  X  deg, 
Planck's  formula  gives 

he 


=  -294 
■    (4-9(3)  ij; 

or  h  = 


(4-96)  i2 
•294  X  4-96  i2 


c 

_  -294  X  4-96  X  13-8  x  10-" 
~  '  3  x  IQi" 

=  6-7  x  10-27. 

This  constant  h  of  Planck  has  been  found  in  very  diverse 
ways  from  observations  of  spectra,  the  photo-electric  effect, 
and  specific  heats  at  low  temperatures.  The  most  probable 
value  of  the  constant  h  is  6-55  x  10-^'  ergs  sec. 

162.    Stellar  spectra. 

The  spectra  of  the  stars  are  of  types  indicated  in  order 
by  the  letters  OBAFOKMNR  (in  the  figure  of  p.  161), 
the  types  merging  into  one  another;  they  correspond  to 
successive  stages  in  the  evolution  of  a  star.  The  sequence 
from  i?  to  O  is  the  spectra  of  stars  whose  colours  range 
from  red  to  blue  and  whose  temperatures  range  from 
2000°  C.  for  an  R  type  of  star  to  20,000°  C.  for  an  O  type. 
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This  increase  of  temperature  is  accompanied  by  increased 
ionisation,  which  becomes  so  great  that  for  the  Wolf-Rayet 
stars,  of  O  type,  only  the  Unes  of  hydrogen  and  helium  are 
present  in  the  spectrum. 

The  effective  temperature  of  a  star  is  the  temperature 
of  a  black  body  whose  distribution  of  energy  in  the 
spectrum  is  the  same  as  that  of  the  star.  The  position  of 
A^  in  the  spectrum  of  the  star  determines  its  temperature, 
by  Wien's  Law  that  A,,^  varies  as  t  (§  158).  H.  N.  Russell 
pointed  out  that  if  the  absolute  magnitudes  of  the  stars 
are  plotted  as  ordinates  with  spectral  types  as  abscissae, 
the  stars  lie  in  the  main  along  two  straight  bands,  shown 
in  the  figure  by  the  dotted  lines. 
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OBAFGKMNR 

Thus  the  stars  form  two  series,  one  very  bright  and  of 
magnitude  independent  of  spectral  type  (in  the  band  ^a) 
and  the  other  diminishing  in  brightness  as  the  spectral 
type  changes  from  0  to  R  (in  the  band  j8y):  the  former 
were  designated  by  Russell  'giant'  stars,  and  the  latter 
'dwarf  stars. 

Observations  of  binary  stars  show  that  the  densities  of 
the  stars  steadily  increase  along  the  bands  from  a  to  j8  to  y. 
For  stars  of  types  v4,  B,  the  density  increases  from  -05  to  -5, 
while  for  stars  of  type  G  the  density  is  either  of  order  1 
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or  -0001  (the  density  of  water  being  the  unit),  the  higher 
value  being  that  of  the  dwarf  (in  jSy)  and  the  lower  that 
of  the  giant  (in  jSa). 

The  sun  is  a  star  of  type  G  of  density  1-4  (a  dwarf), 
surface  temperature  of  order  6000°  C.  and  of  the  fifth 
magnitude  (absolute). 

163.    Stellar  evolution. 

The  Lane-Ritter  theory  supposes  that  a  star  is  at  first  a 
highly  rarefied  gas  which  contracts  under  its  own  gravita- 
tion, the  potential  energy  thus  lost  being  converted  into 
heat.  The  temperature  rises  and  the  spectrum  advances 
from  R  to  O,  the  radiation  of  energy  from  the  star  being 
less  than  what  is  supplied  by  contraction  and  other  possible 
causes,  such  as  radioactivity.  This  corresponds  to  the 
passage  from  a  to  j8  as  a  'giant.'  A  stage  is  reached  in 
the  region  A,  B  when  there  is  a  balance  and  after  that 
the  radiation  losses  exceed  the  gains  from  contraction  and 
other  causes  and  the  star  cools,  all  the  while  its  density 
increasing.  This  corresponds  to  the  passage  from  ^  to  y 
as  a  'dwarf.'  The  spectrum  recedes  from  O  to  jB;  in  time 
the  star  becomes  too  cold  to  radiate  light  and  is  then 
lost  to  us. 

EddingtoTi's  theory  of  the  interior  of  a  star. 

This  theory  can  only  be,  and  is,  based  upon  the  most 
general  physical  principles.  These  are,  that  the  pressure  of 
a  gas  of  given  density  varies  as  its  temperature  (Boyle- 
Charles)  ;  the  emission  and  absorption  powers  of  a  substance 
are  equal  (Kirchhoff ) ;  radiation  pressure  is  determined  by 
conservation  of  momentum  (Maxwell) ;  and  the  density  of 
radiation  varies  as  the  fourth  power  of  the  temperatiu-e 
(Stefan).  The  gas  constant  {R)  used  in  the  Boyle-Charles 
equation  depends  upon  the  molecular  weight  assumed  for 
the  star.  If  the  ionisation  due  to  high  temperature  is  so 
great  that  the  n  electrons  revolving  round  the  nucleus 
(see  §  136)  are  detached,  there  will  be  {n  -{-  1)  independent 
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particles  (the  electrons  and  nucleus)  so  that  if  the  term 
'  molecule '  is  used  to  denote  ultimate  particles  (electrons  or 

nuclei)  the  average  molecular  weight  will  be  where 

A  is  the  atomic  weight.  The  atomic  number  (which  is  equal 
to  the  number  n  of  the  revolving  electrons  outside  the  nucleus 
of  the  neutral  atom)  is  for  most  elements  about  one-half 

of  the  atomic  weight  A,  so  that ^  is  approximately  2. 

Eddington  assumes  this  value  2  for  the  molecular  weight 
inside  the  star,  whatever  its  composition. 

Using  these  principles  and  making  an  assumption  con- 
cerning the  mass-coefficient  of  absorption  of  radiation  by 
the  substance  of  the  star,  Eddington^  shows  that  the 
effective  temperature  of  a  '  giant '  varies  as  the  sixth -root 
of  the  density,  and  that  the  total  radiation  is  independent 
of  the  stage  of  evolution  so  long  as  the  star  is  in  a  perfect 
gaseous  condition,  which  is  in  agreement  with  the  observed 
progress  from  a  to  ^. 

Eddington's  theory  has  been  further  developed  by 
E.  A.  Milne 2,  who  has  recently  applied  the  theory  of 
Gibbs  to  the  problem^. 

1  Monthly  Notices  of  the  B.A.8.  p.  16,  Nov.  1916;  p.  596,  June.  1917. 

2  Phil.  Mag.  1924.  3  Camb.  Phil.  Soc.  Proc.  1925. 
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